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Abstract

Group Algebras can be used to construct Low Density Parity Check Codes
(LDPC) and Convolution Codes. These codes have applications within digi-
tal communication and storage, such as to improve the performance of digital
radio, digital video, mobile phones, satellite and deep space communications,
as well as bluetooth implementations.

In this Masters Thesis, theoretical mathematical techniques are used to
construct an atlas of finite group algebras. In particular, we find and list the
automorphism group of abelian groups and the unit group of finite commu-
tative group algebras. The aim of this atlas is to improve our understanding
of group algebras and their applications to Coding Theory. Firstly, the basic
concepts of coding theory are introduced.

The next section of this thesis (Chapter 2- Automorphisms of Finite
Abelian Groups) deals with various techniques for finding the automorphism
group of different categories of abelian groups. In particular, where the group
is an abelian p — group with 2 distinct direct factors, use is made of recent
techniques by Bidwell and Curran (2010). Hillar and Rhea (2007) give a
technique involving endomorphism rings which allows the calculation of the
order of Aut(G) where G is abelian. Using these techniques and others a
table is presented giving the structure and order of the automorphism group
for many abelian groups.

Chapter 3 (Automorphisms of Non-Abelian Groups) looks beyond abelian
groups. Recent methods by Curran (2008) using crossed homomorphisms
are used where G is a semidirect product. Dihedral groups and general
linear groups are also examined. At the end of this section there are some
conjectures relating to the automorphisms of groups in general and a table
is presented showing the automorphism tower of small groups.

The next section of the thesis (Chapter 4 - Finite Commutative Group
Algebras) introduces the concepts of group algebras and unit groups. This
Chapter contains many specific example of group algebras. In these examples

the structure and order of the unit groups are examined.
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In Chapter 5 (U(FG) where F' has char p and G is a p — group), a
technique is presented for finding the structure of the unit group for non-
Maschke cases. This technique involves counting the number of elements in
the normalised unit group which have order dividing a particular power of
p for group algebras of the form FG where G is a p — group and F is a
field of characteristic p. This Chapter concludes with a Theorem which gives
the unit group of all group algebras of the above form. There are also some
examples illustrating this.

Chapter 6 (Idempotents and the decomposition of F'G) then looks at ways
of finding the Artin Wedderburn decomposition where applicable. Here, re-
cent techniques by Broche and Del Rio (2007) are used to find the decompo-
sition and also to find the primitive central idempotents.

Finally, in Chapter 7, The Perlis Walker Theorem (1950) is used and
adapted to give more general results for all possible group algebras for abelian
groups. This leads to a general table giving the decomposition and unit
groups of the group algebras for all abelian groups of order up to 15. In
doing this, we get a further insight into the isomorphism problem for group
algebras. This includes the result that given two non-isomorphic abelian
groups G and H each with order n, and a field F' of order ¢ such that ¢
= 1(mod n), then FG ~ FH. Thus there is a whole class of isomorphic
group algebras of this type and in each of these instances the decomposition
is the direct product of n copies of the field F'. We show that the minimal
isomorphic pair of group algebras F'G and F'H with G and H not isomorphic
which is not of this type is F5Cio and F5(Cy x Cg). We also show that there
is yet another class of isomorphic group algebras. Given two non-isomorphic
abelian groups GG and H each with order n and each containing m elements
of order 2, and a field F' of order ¢ such that ¢ = -1(mod e) where e is the
exponent of the group, then FG ~ FH. In this case, FG ~ FH ~ @] | F,
& @™V Fa. An example of this is Fr(Cy x Cy x Cg) ~ F(C3).
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Frequently Used Notation

C a code

c a codeword

G a generator matrix

H a parity check matrix

w(c) the minimum weight of ¢

Amin the minimum distance of a code

) code a k dimensional subspace of Fy

n,k
n,k,d) code an (n,k) code with minimum distance d

p a prime integer

n a positive integer

7 the set of integers

N the set of positive integers

a(mod n) the remainder when a is divided by n

(a,b) the greatest common divisor of a,b

o(n) Euler’s totient function - the number of a < n such
that (a,n) =1

G a group

|G| the order of the group G

(x) the group generated by x

xY yxy~ ', the conjugate of z by y

|| o(z), the order of the group element x

H<G H is a subgroup of G

H<G H is a normal subgroup of G

G/H the group of cosets of the normal subgroup H

G x H the direct product of groups G and H

N x H the semidirect product of groups N and H with N a normal
subgroup

C the cyclic group of order n

C* the direct product of k copies of the cyclic group of order n
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1<:<n

the dihedral group of order n

the symmetric group on n objects

the centre of G

the commutator subgroup of G

the group of inner automorphisms of G

the group of automorphisms of GG

the group of automorphisms of G' which fix the subgroup H

G

Aut(Aut"1G)

an irreducible character of a group

the group of irreducible characters of G

a ring

a field

the finite field with n elements

the ring of integers mod n

the multiplicative group of units of the ring Z/nZ

the algebra of polynomials in x with coefficients in F
the general linear group of degree n over the field F
the general linear group of degree n over Z/mZ

the group algebra of G over F

an element of F'G

the augmentation map on «

the augmentation ideal (the kernel of the augmentation
map on FQG)

the left ideal of F'G generated by the set {h —1:h € H}
the multiplicative group of units of the field F

the normalised units of F'G (the units of augmentation 1)
the unit group of the group algebra FG

erX Z

the characteristic of the field F

vil



Aut(K/F)
Gal(K/F)
AT

tr(A)

tTK/F(OZ)
Ck

F(Ck)
EC(G, N)

Rao R
D R

the group of automorphisms of K which fix F

the Galois group of K/F

the transpose of the matrix A

the trace of the matrix A

an automorphism of the field K/F

>, 0(a) (the sum of Galois conjugates of «)

a primitive £ root of unity

the field extension formed by adjoining (; to the field F'
the idempotent associated to GG, N and cyclotomic
class C'

the direct sum of R and R’

the direct sum of n copies of the ring R

viii



1 Introduction

Error control codes are used in the manufacture of digital communications
devices and digital storage devices. We can think of both communication
and storage devices as communication devices. When digital data is commu-
nicated, there is a possibility that errors can occur, for example due to noise
or interference. The fundamental problem in coding theory is to determine
what message was sent on the basis of what is received [27].

What happens when an error control code is used? Firstly, a k — bit
message (effectively a k — tuple vector) is encoded. This can be thought of
as a k X n matrix (with n > k and rank = k) acting on the k — tuple vector.
The result is an n — bit codeword. The matrix is effectively the code, and it
adds redundancy to the k — bit message. These extra n — k bits are known
as a parity check and they make it possible to detect errors and if the code
(i.e. the matrix) is designed well enough then the errors can be corrected.
We call the & x n matrix a generator matrixz or GG for short.

For example, let G be the matrix of a linear map from F5 to F%. The
image of the map consists of the 2*¥ codewords in the larger vector space F3.
In fact the code is a k-dimensional subspace of F. A basis of the subspace

is the rows of G. This type of code is called a linear block code or just a

linear code. If we label a vector in F§ as m, then m = [my, my, ....., my].
Label the rows of G as ¢, go,..gx Where g; = [gi1, Giz, -+ ,Gin). Then ¢ =
migr + mags + ...... myg,. Note that m;g; = [migj1, migja, ...... ,M;gjn]. This

is how a generator matrix is applied to a message m. All multiplication and
addition here is done modulo 2.

By row operations we can write G as [I|P] where I} is the k x k identity
matrix and P is the k x (n — k) parity matrix. Thus the first & components
of each codeword will be the same as the k components of the message. The
remaining n — k components will be the parity part of the codeword and will
be the result of mP. This parity part is the added redundancy. Thus we
see that ¢ = mG = [m mP]. When G is in this format then we say that G

is a systematic encoder. Note that the code (the set of codewords) is the



rowspace of G. If G is a k X n matrix with rank %k, then we say that G

describes a (n, k) code with rate £.

Example 1.1. Let G be the matriz of a linear map from F3 to FS given by
1 00101

G=]10101T1P0

001011

We say that G is a (6,3) code. Note that G is a systematic encoder.

Label m = [mq, may, ms].

Then each codeword ¢ = [c1, ¢, c3,Cq,C5,C6] = [Mm1, Mo, M3, my + Mo, my +

mg, my + mg|.

Thus we get equations matching the parity part of the codeword as follows

cy =1+ o =c+c+cy=0
Cs = Cy + C3 =c+c3+ces=0
Cg = C1 + C3 =c +c3+c=0.
110100
T
<~ 011010 Cl Cy C3 C4 Cy 66] :Q'
101001

This 3 X 6 matriz is called a parity check matriz. When it is applied to any
codeword, the result is the zero vector. So the nullspace of this new matriz is

the code generated by the rowspace of G.

Definition The matrix whose nullspace consists of all of the codewords of

G is called the parity check matriz of the code. We call it H for short.

Lemma 1.2. [25] If G = [I}|P], then H = [-PT|I,,_,].

Proof. ¢ = mG = [01,02,....,ck,ck+1, ey Cp) = [M1, M, ....mp, mP).
=[Chp1s ooees Cn) =

=[Chp1s ey Cn) = [61,02,....,ck][P]

=ity s calt = [P)T[c1, cop ey )T

=[-PT[er, cay ooy i)t + [Chits ooy n)t = [01,09, oy 0pg] T



:>[—P]T[C1,CQ, ....,Ck]T + []n,k][CkJrl, ....,Cn]T = [01,02, ....,Onfk]T

:>[—PT’In_k] [Cl, Cy eeeny Cloy Cht 1y oeney Cn]T = [01, 0g, ...., On_k]T.
Thus we have that H = [—PT|I,_4].

Note that in Fy we get —P? = PT so we can usually write H = [PT|I,_4].
The rows of H are linearly independent, so H acts as a generator for a
(n,n — k) code. This code is called the dual code of the (n, k) code defined
by G and vice versa. The dual code of GG is defined as the rowspace of H and
can be thought of as the orthogonal complement of the code defined as the
rowspace of G. All of the vectors in the former are orthogonal to all of the
vectors in the latter (i.e. their inner product is zero).

However, although these subspaces are orthogonal they are not necessarily
mutually exclusive, especially over finite fields. Sometimes, in fact they can

even be the same subspace.

Example 1.3. Let G be the matriz of a linear map from F3 to F3 given by

1 010
G = .
01 01
‘ o 1 010
Then the parity check matrix is H = .
0101

Clearly, the code and the dual code are the same subspace in this example.

A very important feature of a code is the distance between the codewords,

as it is this distance which enables us to correct errors.

Definition [4] The Hamming distance between two codewords is the num-

ber of components in which they differ.

Example 1.4. The Hamming distance between the codewords [1 0 0 1 0 1]
and [01 010 1] is 2 since they differ only in the first and second components.

Definition [4] The Hamming weight w(c) of a codeword c¢ is the number of
its non-zero components. The minimum Hamming weight w,,;, of a code

is the smallest Hamming weight of its non zero codewords.



Thus to find the distance between two codewords, we can subtract one
from the other and count the number of non-zero components in the result
(i.e. calculate the Hamming weight). However, as the code is a subspace,
the difference between two codewords is also a codeword, and so to find the
minimum distance between all codewords, we simply calculate the minimum

Hamming weight of all non-zero codewords.

Example 1.5. Letc; = [1 0010 1] andcy, =[01 010 1].
Then ¢y —co = [1 1000 0]. This is also a codeword and it has weight 2.

This corresponds to the Hamming Distance between c; and cs.

Definition [4] For a linear code C, the minimum distance dy,in = mincec,czow(c).
If the minimum distance of a (n, k) code is d, then we say it is a (n, k, d)

code.

Lemma 1.6. Let H be the parity check matriz of a code. Then the mini-
mum distance of the code is d if and only if the minimum number of linearly

dependent columns of H is d.

Proof. Let ¢ be an arbitrary codeword with weight w (i.e. w non-zero terms).
We can write ¢ = [..., 11, .., 1a, ..., 1, ..] where w of the entries are 1 and n—w
of the entries are 0.

Then, for a parity check matrix H we have that H.c” = 0.

We show this by writing H.c” = 0 as follows:

0
1]‘1
hi hy ... hy, ] 1jo = |: where h, is a column of H.
Lijw
0

(Note that we use j1 as the index to make clear that it is not the first com-
ponent of the codeword, but the first 1 of the codeword)

4



Then hj; + hjo + ... + hj, = 0.

That is, the columns of H corresponding to the 1’s in the codeword add to
zero. In other words there is a linear combination of w columns of H that
add to 0 and so there are w columns of H that are linearly dependent.

Now if the minimum distance of a code is d then there exists a codeword
with d 1’s and so there exist d linearly dependent columns in H.
Conversely, suppose the minimum number of linearly dependent columns of
H is d. Then the minimum distance of the code cannot be less that d. How-
ever, because the nullspace of H consists of the set of all codewords, we know
that there must exist a codeword with 1’s in the positions of these linearly
dependent columns, and zeros elsewhere. Thus the minimum distance of the

code is equal to d.

Now we show how to construct a code with minimum distance equal to 3.

Example 1.7. Let the columns of H consist of all possible distinct non-zero
r — bit vectors, where r is a natural number greater than 1.

Then, because the zero vector is excluded, the number of linearly dependent
columns is not equal to 1.

Next, because all of the columns are distinct, then the number of linearly
dependent columns is not equal to 2.

Finally, because we have included all possible non-zero r — bit vectors, we will
have that one of the vectors is the sum of two other vectors, and so there are
3 linearly dependent columns. By Lemma 1.6, the minimum distance of the

code is equal to 3.

Example 1.8. Letn—k = 3. We let the columns of H consist of all possible

non-zero 3 — bit vectors.

That is H =

- o O
o = O
e =)
o O =
(S s S

1
1
0

—_ = =

Nown = 7=k = 4, and as in the previous example the minimum distance

is 3, so we have constructed a (7,4,3) code.

5



This code is called the Hamming (7,4,3) code and is a famous code.[4]

In systematic form [PT|I], such a check matriz is

1101100
H={1011010
1110001

Note that in the previous example H was rearranged to form H’. This can
be achieved by a series of elementary row operations and column swaps.
Generator matrices GG can also be rearranged to be in systematic form G’ =
[I|P] by elementary row operations and column swaps.

If G’ (or H') can be reached by elementary row operations only, then it
defines the same subspace as G (or H) and so the codes are equal. If column
swaps are needed then the two codes are equivalent (though they are usually
considered to be the same code). If two codes are equivalent, they are the

same except for a permutation of components.

Note that if C'is a binary (n, k, d) code with d odd, it can be extended to an
(n+1,k,d+ 1) code by adding a check symbol to the end of all codewords.
For example, adding a 1 if the weight is odd, or a zero if the weight is even.
In this way all of the codewords will have even weight, and those that had

weight d, will now have weight d + 1.

Example 1.9. Let H be the check matriz of a binary code given by

S8

Il
N
—_ O =

01
11
10

S O =
S = O
_ o O

This (7,4,3) Hamming Code can be extended to a (8,4,4) code by adding a
check symbol as metioned above. The new check matriz H. can be formed by

adding a column of zeros and then a row of 1s.



11011000

10110100
H, =

11100010

11111111

For the new matrix H., there is no zero column and so the number of linearly
dependent columns of H, is not 1. The extra column is non-zero and different
from all of the others and so the number of linearly dependent columns of
H. is not 2. Also, if we add any 3 columns, we will get 1+1+1 = 1 for
the 4th component. Thus we will have to add at least 4 columns to get the
zero vector, and the minimum number of linearly dependent columns is at
least 4. By adding the 1, 2", 6! and 8" columns we get 0, and so the
mainimum number of linearly dependent columns is equal to 4. By Lemma
1.6, the minimum distance of the code is 4. This code is called the extended
Hamming (8,4,4) code [27].

1.1 Cyclic Codes

Definition [27] A nonconstant polynomial f(z) € F,[z] is irreducible over
IF,, provided it does not factor into a product of two polynomials in F,[z] of

smaller degree.

Definition [4] A monic polynomial is a polynomial with leading coefficient

equal to one.

Definition [4] A monic irreducible polynomial of degree at least one is called

a prime polynomaal.

Linear codes can be described more compactly by working in an extension
field Fyn.

For example, consider the (7,4, 3) binary Hamming code given by

=
I
o O =

0010
1 011
0101

—_ = =
—_ O



We can identify the columns of H with elements of Fys where the components
of the column represent the coefficients of the three basis elements in the
extended field Fos. First let us define Fos.

The elements of Fys are 0,1,a,a?, 1 +a,1 +a% a+a® 1+ a+ a?

This field extension can be considered as a 3-dimensional vector space over
F, with basis elements 1, a, a?.

A prime polynomial of degree 3 over the field Fy is p(z) = 2* + 2z + 1.
Taking a to be a root of this polynomial we see that a basis of the extension
field containing this root is {a",a',a?} which is {1, a, a®}. Because a is a
root of p(x) we also get that a® = a + 1. Also because a is a multiplicative

generator of (Fgs)*, we can write all of the non-zero elements of Fys as powers

of a as follows.

non-zero element of [Fy3

1‘a‘a2‘1+a‘a+a2‘1+a+a2‘1+a2
latfar] et |t |20 | oa

element as a power of a ‘ a

Thus we can write H = [a%a'a?a®a’a®a®].

Recall that the null space of the check matrix H is the set of all codewords,
so we have that Hc” = 0. In this case we can write cH” = 0.

Note that ¢ = [cg, ¢1, ¢a, €3, ¢4, C5, C] is a vector with entries in Fy while HT
is a vector with entries in Fos. Multiplication and addition is performed in
the extension field Fos.

Now we can rewrite cH” = 0 as
6
Yo ca' = 0.
i=0

This means that the codeword ¢ can be represented by a codeword polynomial
6 .
c;x', where the operation of multiplying the codeword by the check
i=0
matrix is done by evaluating the codeword polynomial at z = a.

6
Then ¢(z) is a codeword if c¢(a) = 0 (i.e. if Y c;a’ = 0).
i=0

c(r) =

Thus a binary polynomial ¢(z) is a codeword if and only if a is a zero of the
polynomial. Thus the (7,4,3) Hamming code is the set of all polynomials

c(x) over Fy of degree at most 6 that have a as a zero in Fos.



1.2 Group Ring Matrices

Let RG be a group ring with |G| = n. Then for each element of the group
ring there is a unique n x n matrix with coefficients from R according to a
particular listing of the group elements. A listing of the group elements is a
permutation of the n group elements. For example, consider the group ring

F,C, with group listing 1, z, 2%, 3. We can form a group matrix as follows.

8 8 8 =

The column headings are the group elements according to the group listing,
and the row headings are the inverses of the group elements in the listing. The
entries of the matrix consist of the product of the row and column headings.

Thus we get the 4 x 4 group matrix

This matrix is circulant (each row is the same as the row above but shifted
one place to the right). Some group listings give circulant group matrices
and some do not. With this group matrix, we can form a group ring matrix
for each group ring element. For example consider the group ring element
22 + 23 in FyCy. Then the group ring matrix according to the group listing
1,2, 22, 23 is the coefficients of the group elements 22 and 2 in the positions
where these group elements appear in the group matrix.

So the group ring matrix of 22 + 23 is



0011
1 001
1 100
0110

There is a bijective ring homomorphism between the ring of group ring ma-

trices according to a group listing and the group ring itself [18].

Lemma 1.10. [18] In a group algebra FG, a non-zero element u is a zero

divisor if the corresponding group ring matriz does not have full rank, and is

a unit otherwise.

Definition [18] The rank of a group ring element is the rank of the corre-

sponding group ring matrix.

Example 1.11. Let RG ~ FyC;

the group matrix

. For the listing 1, z, 22, 2, 2%,

5 2% we get

The group ring matriz of the element 1 + x + 23 according to this listing is

(1101000
0110100
0011010
0001101
1000110
0100011

(1010001

10



By row reduction, this group ring matriz becomes
1000110

1
1
0
0
0

o O O O o O
o O O O o =
o O O O~ O
o O O = O O

1 1
1 1
0 0
0 0
0 0

0

Thus the group ring element 1 + x + 2 has rank 4.

1.3 Zero Divisor Codes

Another way of constructing a code is to use zero divisors in group rings. To
construct a code we need a group ring, a submodule of the group ring and a

zero divisor in the group ring.

Example 1.12. Take the group ring FoC;. This can be considered as a group

ring or as a vector space over Fy with group elements 1, x, 2%, 2%, 2*, 2°, 25 as a

basis. Let W be a submodule of FoCr with basis S = {1, x, 2% x*}. That is W
consists of all linear combinations of these 4 group elements with coefficients
from Fy. Clearly |W| = 16.
Letu =14+x+ 2% € FoCr. Now 1+ x+ 22 is a zero divisor in FoC7 because
(1+z+2%)(z+a2*+ 25+ 25 = 0. We also saw that 1 + x + 2° has rank 4
in Erxample 1.11 and so by Lemma 1.10 it is a zero divisor.
Multiplying u by the 4 basis elements of W we get

lu =1+az+ a3

ru =z + 2>+ 2t

r?u =22 + 23+ 2°

rdu =23 + 2t + 2°
These 4 group ring elements form a basis Su of the code Wu.

Writing these elements as vectors over Fy we can form a matrix

11



1101
0110
0011
0001

0
1
0
1

0
0
1
0

_ o O O

The rowspace of this matrix will be the set of vectors in the code Wu. Now

we apply a series of elementary row reduction steps.
Firstly, R1 — R1 — R4 and R3 — R3 — R4 gives us

110010 1]
0110100
0010111}
000110 1,
Then, R2 — R2 — R3 gives
1100101
01000171
0010111
000110 1
And finally R1 — R1 — R2 gives
1000110
01 000T1T1
=G.
0010111
0001101

Note that this matriz is the same as the row reduced version of the group ring

matriz of 1 + x + 23 with the zero rows deleted. We found this in Ezample

1.11 by using row reduction techniques. In this way, we say that the element

1+z+2® generates the code. It is in fact the Hamming (7,4,3) code that we

encountered earlier [21]. The length of the code is the number of elements

in the group G, in this case 7. Note that the rank of the group ring matrix
of 1 +x + 2 equals the size of the basis S of the sub-module W. Now, with

this generator matriz G, we can form the 16 elements of the code Wu as the

rowspace of G. They are:
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[0000000], [0001101], [0010111], [0011010)],

[0100011], [0101110], [0110100], [0111001],

[1000110], [1001011], [1010001], [1011100],

[1100101], [1101000], [1110010], [1111111].
Since our generator matriz is in standard form ([I|P]) we can easily form
the parity check matriv H = [PT|I].
We get the matrix

S ==
— = O
e e
_ O =
[ R
o = O
= O O

I

=

The rowspace of this matriz H is the dual code of the Hamming (7,4,3) code
G above. The rowspace of H is a (7,3) code and it consists of the following
8 vectors:

[1011100], [1110010], [0111001], [0101110]

[1100101], [1001011], [0010111], [0000000].
Note first of all that all of the non-zero codewords in this dual code have
weight 4 and so the minimum distance is 4. Thus we have a (7,3,4) code.
Secondly, all 8 vectors in the dual code are also in the Hamming (7,4,3) code,
so we have another example where a subspace and its orthogonal complement
(i.e. dual code) are not mutually exclusive. Indeed here the Hamming (7,4,3)

code contains its dual code.

The Hamming (7,4,3) code generated in the above example is revisited later
on in this thesis in Example 6.21 where it is shown how this code arises as a

subspace of the group algebra FyC’.
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2 Automorphisms of Finite Abelian Groups

The next section of the thesis explores group theory and in particular the au-
tomorphisms of abelian groups. The following result will be used throughout
this Chapter.

Lemma 2.1. [17] Let G = H x K be a direct product of groups where |H |
and |K| are coprime. Then Aut(G) ~ Aut(H) x Aut(K).

This is a very useful result, because by the fundamental theorem of abelian

groups all finite abelian groups can be written as a direct product of groups

of the form: H, = Cpe1 X Cpea X ... X Cpen in which p is a prime number
and 1 < e; < ... < e, are positive integers.
That is, if G is a finite abelian group, then G = H,, x H,, X .... x H, .

Example 2.2. Let G = Cg x Cig X O35 X C3 x Uo7 x Cyy

This can be broken down into two factor groups Hy =Css x Cya X Cas and
Hz =C51 x C33 x C3s where |Hy| and |Hs| are coprime. So G = Hy X Hj.
Hence Aut(G) ~ Aut(Hs) x Aut(Hs).

Thus in order to find the order and structure of Aut(G) for all finite abelian
groups G, it is only necessary to look at Aut(H,). In this section, all possi-
ble groups of the form H, are examined, starting with basic examples and

finishing with more complex ones.

The most basic example is C';. For this group there is only one possible
automorphism, the identity map which maps each element to itself. Thus
Aut(Cy) ~ Cy. The next smallest group is Cy which contains two elements,
a generator of order 2 and the identity. Now an automorphism being an
isomorphism must send elements of order n to elements of order n, and so
the generator of this group can only be mapped to itself, and thus Aut(Cy)

~ (Y also.

14



Before looking at whole classes of abelian groups, it is useful to look in detail
at a specific group to show how an automorphism group can be found step

by step.

Example 2.3. Finding the automorphisms of Cy x Cs. Writing Cy X Cy
2%y, vy, 2y, 2Py,

The orders of the elements are as follows:

as (x) x (y), the elements are 1,z,x

element‘]‘x‘zz‘aﬁ‘y‘xy‘zzy‘aﬁy
order | 1|4] 2| 424 2] 4

The generator x can be mapped to any of the elements of order 4: x, 3,

xy or x3y. This gives 4 automorphisms. In each case the image of x when
squared gives x%, so x* will also be mapped to x> as these mappings are
homomorphisms. Thus the generator y cannot go to x2, and can only go to y
or to x®y. Thus there are a further 2 automorphisms for each of the earlier

4. Thus there are a possible 4 x 2 = 8 automorphisms.

These automorphisms are as follows:

Ui(z) =2 o(z) = 2® Y3(z) = zY Yy(z) = 2y
Vi(y) =y Yay) =y V3(y) =y Ya(y) =y

Ys(z) = Ye(r) = x® Yr(z) =y Ys(z) = zy
Vs(y) = a%y Ye(y) = 2%y Yr(y) = 2%y Ys(y) = 2%y

By labelling the § elements of Cy x Cy from 1 to 8, it is possible to describe

the mapping of each automorphism by the cycle decomposition on these 8

elements.
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Element Cycle Decomposition | Order
U (1) 1
(o (24)(68) 2
s (26)(48) 2
Uy (28)(46) 2
Vs (57)(68) 2
Vo (24)(57) 2
Y7 (2648)(57) 4
s (2846)(57) 4

FEach of these cycle decompositions is distinct, and so |Aut(G)| = 8. Clearly

there are 5 elements of order 2 in Aut(G) and the only group of order 8 with
exactly 5 elements of order 2 is Dg. Thus Aut(Cy x Cy) ~ Dg ~ Cy x Cs

~ (Y7) X ()g) with the action being conjugation by inversion.

16



2.1 Automorphisms of Cyclic Groups C, and Cj-

Definition For n € N let ¢(n) be the number of positive integers a<n with
a relatively prime to n. This is Euler’s totient function.

For example ¢(10) = 4 as there are 4 numbers less than 10 which are coprime
to 10. These are {1,3,7,9}.

Note that when a group is cyclic, all elements can be written in terms of the
generator and therefore when an automorphism on a generator is defined, it
defines the automorphism for the whole group. Thus the number of distinct

automorphisms is equal to the number of generators of the group.

Lemma 2.4. For cyclic groups C,,, Aut(C,,) ~ (Z/nZ)*, an abelian group

of order ¢(n) where ¢ is Euler’s totient function.

Proof. [13, p. 135] Let = be a generator of C), and let ¢,(z) = 2* € Aut(C,,)
for some a € Z.

Since |z| = n, a is only defined mod n. Since 1 is an automorphism,
|z| = |z%|, hence (a,n) = 1. For every a relatively prime to n, 1, is an
automorphism of C),.

Hence there is a surjective map ¥ from Aut(C,,) to (Z/nZ)* defined by 1),
— a (mod n). That is ¥ : Aut(C,,) — (Z/nZ)* where ¥(¢,) = a (mod n).

The map ¥ is a homomorphism because ¥,1,(x) = 1q(2%) = (2°)° ab

= % =
Yap(x) for all 1, ¥y, € Aut(C),) so that W (1,1)=Y(¢ep) = ab (mod n) = a
(mod n)b (mod n)= V(1) ¥ ().

U is clearly injective, hence it is an isomorphism.

We show that the automorphism group is abelian by multiplying two such
automorphisms v, and v, and considering the effect on x.

Vathp(7) = Ya(a®) = (2°)* = 2

Uytha(7) = Yp(2?) = (%) = 2
But ba = ab because a,b € Z s0 VY, p(x) =thp1b,(2)

Corollary 2.5. Aut(C,) ~ Cp,_;.
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Proof. This is a result of (Z/pZ)* being the multiplicative group of the finite
field IF, which is cyclic of order p — 1.

Example 2.6. Aut(C3) ~ Cy by Corollary 2.5.

Example 2.7. Aut(Ci7) ~ Ci¢ by Corollary 2.5

It is worth noting that cyclic groups of composite order such as Cg can
be decomposed into Cy x Cs, so that Aut(Cs) ~ Aut(Cy) x Aut(C3) by
Lemma 2.1. As a result we need only look at cyclic groups C,, and Cyn. The

case for cyclic groups C, has been described above. The case for cyclic groups
Cpn follows.

Lemma 2.8. For alln >3, Aut(Con) ~ Cy X Can-2.

Proof. ¢(2") = 2"! and so by Lemma 2.4 we have Aut(Con) =~ (Z/2"Z)*,
an abelian group of order 2"~!. The next step is to describe the structure of
(Z)2"7)*.

First we show that (1 + 22) has order dividing 2"~% in (Z/2"Z)*.

2n72

By the binomial theorem (1 + 22)

n— 2n72 2n72_1 2n72 2n72_1 2n72_2 n—=2
— 142 2(22)+( )(2 )(22)2+( )( (3)(2))( )(22)3+...+(22)2

— n n n— n (2"72—1)(2’"72—2) n—1

=1+ 2"+ (2" (2"2 — 1) + (2"3) : +..+ 22
=14+0+0+... + 0=1 (mod 2").

Now, we show that (1 + 2%) cannot have order less than 2"~2 in (Z/2"Z)*.

Again using the binomial theorem (1 + 22)2n_3

= 142773(22)+ D (9292, VAR WO (92984 (92)2"

= 142004 (2)(208 - 1) 4 ()TN )y

=1+4+2"14+0+... + 0# 1 (mod 2")

18



Thus (1 + 22) generates a cyclic subgroup of order 2”2 which is necessarily
of index 2 in (Z/2"Z)* by the order of (Z/2"Z)* given above.

Now we show that the structure of the group is not cyclic by exhibiting two
distinct elements of order 2.
(1+2" D2 =1+2"+2"2 =1 (mod 2").
Also [-1]2 =1 =1 (mod 2").
Clearly these elements have order 2. If they are the same element then
their product = 1 (mod 2").
By multiplying them, we get (—1)(1 4 2"1) = (=1 —2""1) £ 1 (mod 2").
To see that this more clearly, suppose (—1 —2"71) = 1 (mod 2").
Then —2""! = 2 (mod 2")
=21 = —2 (mod 2")
=2(2"71) = 2(-2) (mod 2)
=2" = —4 (mod 2"), a contradiction as n > 3.
So (=1 —2""1) £ 1 (mod 2") as supposed.
Now because the product of the two elements (—1 —2"71) # 1 (mod 2") this
means that the two elements are distinct.
Thus, the structure of (Z/2"Z)* is abelian but not cyclic, and has a cyclic

subgroup of index 2, so it is Cy X Con-2.

Example 2.9. Aut(C,) ~ Cy by Lemma 2.}
Example 2.10. Aut(Cg) ~ Cy x Cy by Lemma 2.8.
Example 2.11. Aut(Cig) ~ Cy x Cy by Lemma 2.8.
Example 2.12. Aut(Csy) ~ Cy x Cg by Lemma 2.8.
Lemma 2.13. ¢(p") = p" H(p—1)

Proof. Let A = {a|(a,p) #1,a < p"}. Then ¢(p") = p" - |A].

Thus A = {a| a is a multiple of p}, a < p™.

19



Thus A = {1p,2p, ....... " ip) = A =p
Thus ¢(p") =p" - p* ' =p"L(p—1).

Lemma 2.14. For p an odd prime and for n > 3, then p"~2 > n.

Proof. We proceed by induction. Let n = 3. Then p > n because p is an
odd prime.

Assume true for n = k. That is p*~2 > k.

Now test for n = k + 1. p**1=2 = p¥=2p > kp by our induction hypothesis.
Clearly kp > k + 1 for all p odd prime and k > 3. Thus p*™'=2 > k 4 1.

Lemma 2.15. For allp odd, n € N, n > 1, Aut(Cpn) ~ Cpn—1 x Cp_y.

Proof. By Lemma 2.13, Aut(Cyn) ~ (Z/p™Z)*, an abelian group of order
p"!(p—1). Now we describe the structure of (Z/p"Z)*.
First we show that (1 + p) has order dividing p"~! in (Z/p"Z)*.

By the binomial theorem (1 + p)?"

n—1 n—1__ n—1 n—1__ n—1__ n—
= 1+p" L (p) + ( )(120 Dp? ¢ @ (3)(21))(10 D3y . +(p)? !

n—1__ n—1__ n—1__ n—
=1+ p" + (an)(p - 1 + (pn+2)(p (;;g) 2) o P !
=14+040+0..+0=1 (modp").

Now, we show that (1 + p) cannot have order less than p"~! in (Z/p"Z)*.
First consider the case where n = 1. Clearly (1 4 p) cannot have order less

1-1 :p() = 1.

than p
Now consider the case where n > 2. If (1 + p) has order less than p"~! then
(1+p)P" " =1 (mod p").

Again using the binomial theorem (1 + p)?

n—2

n—2 n—2__ n—2 n—2_ n—2__ n—

n— n "*2_1 n n72_1 n72_2 n—2
=14 4 () B 4 () e 4

—14+p" 4 04+0+.. +0+4p" .

Now if n = 2, then the last term doesn’t arise as there are only two terms in
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the expansion, so the expansion is 1 + p"~!.
If n > 3, then by Lemma 2.14, we have that ppw2 > p™ and so we get that
(I+p)P =14 4+04+0+... +0%1 (mod p).

Thus (1 + p) generates a cyclic subgroup of index p — 1 in (Z/p"Z)*.

The following part of the proof is outlined in [13, p. 314].

The map (Z/p"Z) — (Z/pZ) defined by a + p"Z — a + pZ is a ring homo-
morphism which gives a surjective group homomorphism f : (Z/p"Z)* onto
(Z/pZ)*. The latter group is cyclic of order p — 1 by Corollary 2.5. Thus
the kernel of f has order p"~!.

Now |Z/p"Z)*| = p*'(p — 1). Clearly p f(p — 1), so let Aut(Cpn) == Cpn—
x A where |A| = p — 1 which is co-prime to p.

Since the kernel of f has order p™~!, none of the non-identity elements of A
are in the kernel of f by considering their order. Thus A maps isomorphically
into the cyclic group (Z/pZ)* and so A is cyclic and A ~ C,_; and Aut(Cyn)
~ Cpn1 X Cp_y.

Example 2.16. Co5 ~ Cs2 = Aut(Cys) ~ Oy x Cs_; ~ C5 x Cy by
Lemma 2.15.

Example 2.17. Co; ~ Cys = Aut(Cyy) ~ COgs-1 x Cs_1 ~ Cy x Cy by
Lemma 2.15.
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2.2 Automorphisms of Elementary Abelian groups

Lemma 2.18. [29] If G is the elementary abelian group CJ then Aut(G) =~
GL,(F,).

Proof. The group C}' can be viewed as the vector space of dimension n over
the field IF,, with group elements as 1 x n column vectors.

The automorphisms of the group are the invertible linear transformations
from the group to itself. These are the matrices with entries from the field
[F, which form the group GL,(F,).

Lemma 2.19. [5] |GL,(F,)| = (p" — 1)(p" — p)(p" — p?)....p" —p"1).

Proof. There are p™ possibilities for each row. However an invertible n x n

matrix must have n linearly independent rows so restrictions apply.

The first row cannot be the zero vector, so there are p” — 1 choices.

The second row cannot be a scalar multiple of the first row so there are p™ —p
choices.

The third row must not be in the subspace spanned by the first two rows so
there are p™ — p? choices.

This process is continued until the nth row which must not be in the subspace

n—1

spanned by the first n — 1 rows so there are p” — p"~" choices.

Hence |GL,(F,)| = (p" — 1)(p" — p)(p" — p?)....(p" — p" 7).
Example 2.20. Aut(C3) ~ GLy(F).

|GLs(F2)| = (2° — 1)(2° — 2)(2° — 2%) = (7)(6)(4) = 168.
Example 2.21. Aut(C2) ~ GLy(F).

(GLo(F7)| = (72— 1)(72 — 7) = (48)(42) = 2016.

Example 2.22. Aut(C}) ~ GL4(F7).

IGLy(Fy)| = (74 — 1)(T* — 7)(7* — T2)(7* — 73) = (2400)(2394)(2352)(2058)
= 27,811,094, 169, 600.

22



In order to better illustrate these automorphisms as linear transforma-
tions of a vector space, here is a detailed look at the automorphisms of the

group C3.

Let C2 = (z) x {y) = {1,z,y,zy}. There are 2 generators and 3 elements
of order 2.

The first generator can be mapped to 3 elements and the other generator has
2 remaining choices. Hence there are 3 x 2 = 6 automorphisms.

These 6 automorphisms are: 1y, Vs, 13, V4, V5, 1 Where:

¢1($) = w2($) = wg(x) =
Piy) =y Uo(y) = xy Ps3(y) = x
Ya(x) =y Ys(x) = xy ve(z) = xy
Va(y) = zy Us(y) =y ve(y) = x

These automorphisms correspond to the 6 invertible 2 x 2 matrices over Fy:

10| 11 [0 1
wlzlo . %I[O 1] oo 0]

w_of b |10 ¢_'11
ol 1 o

These 6 matrices with the usual matrix multiplication form the group G Ly (Fy).

The group G'Ly(FFy) is also isomorphic to Dg. It can be written as (¢4) x
(1)9) where the action is conjugation by inverting.

By Lemma 2.18 Aut(C3) ~ GLy(F3) and |GLy(Fq)| = (22 — 1)(22 — 2) =
(3)(2) = 6.
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2.3 Automorphisms of CJ,

Lemma 2.23. Aut(Cp.)~ GL,(Z/p*Z).

Proof. The group C) can be viewed as an R-module over the commutative
ring Z/p*Z. The automorphisms of the group are then the invertible R-
module homomorphisms from G to itself. These are the invertible n x n

matrices with entries from Z/p®Z which form the group GL,(Z/p*Z).
The order of this group is found using a corollary to the following theorem.

Theorem 2.24. [5] Let m be a positive integer and let p{' p3>.....pp"~ be the

prime factorisation of m. Then for each positive integer n,

GLW(Z/mZ)| = m” T[]

n
1=17=

[(1-p7).

Corollary 2.25. |GL,(Z/p*Z)| = [] (p*™ — p*"~)

n

—_

J

Proof. Let m = p®

Then |G L, (Z/p°Z)| = (p)"* T1(1—p~) = p™* [[(1 - p~9)

j=1 j=1

n n

= [[p*"(1=p7) = [T™" —p*"7).

j=1 j=1

Example 2.26. Aut(C?) ~ GLy(Z/AZ) by Lemma 2.23.
IGLy(Z/AZ)| = (22® - 22-1)(22(2) _ 92(2)-2)

= (24 = 2%)(2* — 2%) = (8)(12) = 96 by Corollary 2.25.

Example 2.27. Aut(C%) ~ GL3(Z/4Z) by Lemma 2.23.
‘GLg(Z/llZ)’ — (22(3) _ 22(3)—1)(22(3) _ 22(3)—2)<22(3) _ 22(3)—3)

= (26 —2%)(2° — 24)(26 — 23) = (32)(48)(56) = 86,016 by Corollary 2.25.
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2.4 Automorphisms of Cp,n X Cpn

This section looks at Aut(G) where G is an abelian p — group with 2 distinct
direct factors. Because m, n are distinct positive integers the results from
the previous section do not apply. The theorems here are taken from a 2010
paper by Bidwell and Curran where there are extensive proofs given. The

theorems are given here with examples. First, the case where p is odd.

Definition [13] A generator of the cyclic group of all n' roots of unity is

called a primitive n'" root of unity.

Definition [7] An integer s is a primitive root modulo n if every integer
coprime to n is congruent to a power of s modulo n. In other words, s is a

generator of the multiplicative group of integers modulo n.

Note that not all integers n have primitive roots mod n. However, n has
primitive roots mod n if n is of the form 2,4, p® or 2p®, where p is an odd
prime [7]. When n has primitive roots mod n, then there are ¢(¢(n)) of them

where ¢ is Euler’s totient function[32].

Theorem 2.28. [3] Let G = Cym X Cyn, where m >n > 1. Letu = p™".

Let s be a primitive root mod p™, so also a primitive root mod p™ and let t

be its multiplicative inverse (mod p").
Choose w such that s* = 1+ u (mod p™).

Aut(Q) is given by the presentation:

Aut(G) ~ {a,b,c,d : a®®") =" =" = @0 =1,b* = b, b? = 1°,

A =c,d=ca=a,chb=a""bed” ).

Theorem 2.29. [3] Form > n > 1, |Aut(Cpm X Cpn)| = (p — 1)*pm+3n2,
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Example 2.30. Cy x C3 =C32 X C51. m =2, n =1, u = 3.
s¥ = 1+u (mod p™) so choosing s = 2, we have w = 2 because 2> = 1+ 3
(mod 3%). The multiplicative inverse (mod p") of s = 2 ist = 2, because
(2)(2) = 4 = 1(mod 3). Thus we have m =2, n =1, u =3,s =2, w =2
andt = 2.
Aut(G) ~ (a,b,c,d : a®®) = p¥' = ' = @43 =1, = 12, b7 = 12,

A =c?ct=c?a' = a,chb=a2bed?).
=Aug(G) ~ (a,b,c,d : a® =0 = & = d® = 1,b* = V?, b¢ = b2,

A =c2ct=c?a’ = a,chb=a2bed?).

|Aut(Cy x C3)| = (3 —1)%(3)2+3M)=2 = (4)(27) = 108.

Example 2.31. (57 x C3 =C3 x C51. m =3, n =1, u =9, so choosing
s =2, we have w = 6 because 2° = 64 = 1+ 9 (mod 3%). The multiplicative
inverse (mod p") of s = 2ist =2, because (2)(2) = 4 = 1(mod 3). Thus we
havem =3, n=1,u=9,s =2, w =6andt = 2.
Aut(G) ~ (a,b,c,d : a®®") =" = 3 = d?6) =1, p* = 12, bd = 12,

A =c%cl=c?al=a,chb=a5bcds).
=Aut(G) ~ {a,b,c,d : a’® =0* = 3 = d* = 1,b* = b2, b¢ = 1?,

A =c%cl=c%al=a,chb=a5bcds).

|Aut(Cyr x C3)| = (3 —1)2(3)*3M=2 = (4)(81) = 324.

Next, the automorphisms of Cym X Cpn, in the case where p = 2.

Theorem 2.32. [3] Let G = Cym x Con, where m > n > 2. Let u = 2™ ".
If uw> 4, choose w such that 5* = 1 + u(mod 2™).
For uw = 2, choose w such that =5 = 3(mod 2™ ).

Aut(Q) is given by the presentation:
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Aut(G) =~ (ay,a9,bc,dy,dyial =ad" " =0 = =& =dF T =1,

_ -1 _ _ _
balzb 1)ba2:b5 ’bd1:b I,Calzcl,ca2:C5,Cd1:CI,

-1 _ . .
2 =5 b= ay"bed?, (a1, ay,dy,dy ) is abelian )

If u = 2, the relation cb = a5 “bedy must be replaced by cb = ajay “bedydy

and an additional relation c*b = ay *bctdy must be included.
Theorem 2.33. [3] For m > n > 2, |[Aut(Cym x Chn)| = 2mT302,

Example 2.34. C3 x Cy = Cys X Cp2. m =3, n =2. Nowu = 2, so
choosing w = 1, we have —5' = -5 = 3 (mod 23). Thus we have m = 3, n
=2, u=2,andw = 1.

Then by Theorem 2.52,

Aut(Cg x Cy) =~ {ay,a9,b,c,dy,dy :a? =ai=b=ct=d2 =dy =1,

_ -1 _ _ _
balzb 1’ba2:b5 ,bdl:b1,Calzcl,ca2:c5,cdlzcl

I

—1 _ _ . .
2 = cb = ayay tbedids, b = a;'bcdy, {ay,as,dy,dy) is abelian)

|Aut(Cy x Cy)| = 23+32)=2 = 27 = 128 by Theorem 2.33.

Theorem 2.35. [3] Let G = Com x Cy, m > 3.

Aut(G) ~ (a,be;d:a™ 2 =02 =2 =d? =1,0° = a®" b, others commute)

~ (({a) x () % (c)) x (d) = (Camozx Cy) x Cp) x Cy

Finally, the case where n = 1 and m = 2 is not dealt with above. There
is only one group of this type, Cy x Cy. As shown in Example 2.3, Aut(C,
X 02) ~ Dg.

Example 2.36. Aut(Cs x Cs) ~ ((Cy x Cy)x Cy)x Cy by Theorem 2.35.
A presentation is { a,b,c,d:a=00* = c* =d* =1,b° = ab, others commute)

We show that this group is isomorphic to Dg x Cj.
Label the 4 generators of ((Cy x Cy)x Cy)x Cq as a, b, ¢ and d respectively.
Theorem 2.35 states that all generators commute, except for b and c.

b = a2 °b = ab.

27



The 16 elements are 1,a,b,ab, c, ac, be, abe, d, ad, bd, cd, abd, acd, bed, abed.
From the presentation we know that all of the 4 generators have order 2. The

products of commuting generators also have order 2 because

(ab)? = abab = aabb = 1
(abd)? = abdabd = aabbdd = 1.
The elements ad, bd, cd, acd can be shown to have order 2 in the same

way.

Thus the following 11 elements all have order 2: a, b, ab, ¢, ac, d, ad, bd, cd, abd, acd.
We show that the four remaining non-identity elements be, abe, bed, abed have

order 4.

(bc)? = bebe = bebe™ = bb¢ = bab = abb = a
(bc)® = (a)(bc) = abc
(be)* = (abe)(be) = (a)(bebe) = aa = 1, so |be| = 4.

(abc)* = abcabc = aabcbe = a
(abc)® = (a)(abc) = be
(abc)* = (be)(abe) = (a)(bebe) = aa = 1, so |abe| = 4.

(abc)* = abcabc = aabcbe = a
(abc)® = (a)(abc) = be
(abc)* = (be)(abe) = (a)(bebe) = aa = 1, so |abe| = 4.

(bed)? = bedbed = ddbcbe = a
(bed)® = (a)(bed) = adbe
(bed)* = (adbe)(bed) = (add)(bebe) = aa = 1, so |bed| = 4.

Thus the automorphism group comprises exactly 11 elements of order 2, 4
elements of order 4 plus the identity, and the only group of order 16 with this
property is Dg x Cs.

Example 2.37. Aut(Cis x Cy) =~ ((Cy x Cy)x Cy)x Cy by Theorem 2.35.

The presentation is { a,b,c,d : a*> = V> = ¢ = d* = 1,0 = a®b, others

commute).
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Lemma 2.38. For all G = Cym x Co, m > 2, |Aut(G)| = |G]|.

Proof. The order of G is (2™)(2) = 2™*!. By Theorem 2.35 for all m > 3,
Aut(G) = ((Cym-2 x Cq) x Cy) x Cy which has order (2m7%)(2)(2)(2) =
2m+l,

Also, when m = 2, G = Cy x Cy, and Aut(G) ~ Dg as shown in Example
2.3 with |Aut(G)| = |G|, completing the proof.

2.5 Automorphisms of abelian p — groups with repeat-

ing factors

The method we used for finding a presentation for the automorphism group of
Cpm x Cpn in the previous section can be extended to cover all direct products
Cpmi X Cpmay X ... X Cpmn where my > mg > ... > m,,. This method
is described in Bidwell and Curran’s 2010 paper [3] and gives a presentation
for Aut(G) for all such groups. However, it is limited to groups where each
m; (1 < i < n) is distinct. That is, it is limited to abelian p — group with

no repeating factors.

Thus the last remaining class of abelian groups without a method for finding
the stucture of Aut(G) is the direct product of p — groups with repeating
factors which are not of the form CJ..

The smallest such abelian group is Cy x Cy x Cj.

Example 2.39. |Aut(Cy x Cy x Cy)|. Writing Cy x Cy x Cy as (x) x (y)

X (a), the elements are:

3

2 2 3 2 3 2 3
{1,x,y,my,a,a ,a”, xa, xa”, ra”, ya, ya-, ya-, rya, rya”, rYa }

The orders of the elements are as follows:

Z‘x‘y‘xy‘a‘az‘ 3‘xa‘xa2‘xa3‘ya‘yaQ‘ya3‘xya‘xya2‘ajya3

tlelef2fslefgfale]sale]s]4] 2] 4

3

The generator a can be mapped to either a, a®, xa, xa®, ya, ya®, xya or

xyad. This gives a mazimum of 8 automorphisms. In each case the image
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of a when squared gives a?, so a* will be mapped to a® as these mappings are
homomorphisms.

Thus the generator x (which has order 2) cannot go to a®, but can be mapped
to either z, y, xy, xa®, ya?, or to xya®. Thus there are a further 6 automor-
phisms for each of the earlier 8. This gives 8 X 6 = 48 possible automor-
phisms of the group.

Now because it has been determined where the generators x and a are mapped
to, so it is determined where the element xa® is mapped to. Thus there are
only 4 remaining elements of order 2 to which the the generator y can be
mapped to (i.e. not to the image of x or to the image of xa®). This gives
a further 4 different automorphisms for each of the earlier 48, giving a total
of 192 possible automorphisms for the group. There may be some further
restrictions but we have an upper bound for the order of the automorphism
group. In the next section it is shown that |Aut(Cy x Cy x Cy)| = 192.
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2.6 Finding |Aut(H,)| using Endomorphism Rings

Now we look at another method for finding the order of Aut(H,). This
approach is outlined in a paper by Hillar and Rhea[17] in 2007 .
Again define H, = Cpe1 X Chea X ... X Cpen in which p is a prime number

and 1 < e; < ... < e, are positive integers.

Definition [17] Let E, = End(H,) be the endomorphism ring of H,,.

Elements of E, are endomorphisms from H,, into itself (i.e. homomorphisms
from H, to H,) with ring multiplication given by composition and ring addi-
tion given by (A+ B)h = A(h) + B(h) for A, B € E, and h € H,. Elements
of E, are written as matrices much like linear operators on vector spaces.
Elements h are written as column vectors (hy, Ry, ....., hy,)? with each h; €

Z/p%Z, being an integer reduced mod p.

Definition [17] Let R, = {(a;;) € Z™" : p“~“|a;; ¥ i, j such that 1 < j <

i < n}.
As an example take n = 3 with e; = 1, e; = 2 and e3 = 5. Then
b1 bia bi3
R;D = pbar Do bas : bij cZ

p4 ba1 P3532 bss

Lemma 2.40. [17] R, forms a ring under the usual matriz addition and

multiplication.

Proof. Let A, B € R,. Clearly, A+ B € R,. Now we check that it is closed
under multiplication.

Let (ab);; be the ij entry of the matrix AB. We only need to check the
entries (ab);; with j < i as when j = ¢ then p®~% = p = 1 which divides all

(ab);; € Z. Also when j > i there is no restriction.

For all 7, j such that 1 < j < i < n, the ij** entry of the matrix AB is given
by

n
Zkz:l ity -
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We can rewrite this summation by separating it into three parts.
If £ < j, then k£ < 4, and the entry a;. from the matrix A must be divisible

€i—€k

by p“~ (because A € R,) so we write it as a;,p . There is no restriction

on the entry from the matrix B as k < j.

e;—eg

If j < k < 1, then the entry a; from the matrix A is divisible by p

€i—€k

and we write it as a;ip For the entry by, from the matrix B, we have

that j < k and this is divisible by p®*~% (because B € R,) so we write it as

er—ej

br;p
If £ > i, there are no restrictions on the entry a;, from A. For the entry

by; from the matrix B, we again have that j < k (because k > i > j) and

again this entry is divisible by p®*~% so we write is as by;p®~%.

n
Thus > 4 airbr
— J i — { i— —e; n . —€;
=D ke @ikPS T by + 3 QDT Rl pE T+ 0 aubigp® T

This then is the ij™ entry of the matrix AB and for it to be € R, we must

have that p®~% divides all three summands.

In the first summand p®~° is a factor of the entry and p~% | p®~° because
kE<j.

In the second summand p®~“p“~% is a factor and this factor is equal to
P~ so clearly p“~% | p&i—e.

Finally, in the third summand p®~% is a factor of the entry and p® =% | p®~¢

because k > i. This completes the proof.

Definition [17] Let m; : Z — Z/p“Z be the usual quotient mapping m;(h)

= h and let 7 : Z" — H, be the homomorphism given by 7 (hy, hg, ....h,)T =
(m1(h1), ma(ha), eoey T (hn))E = (B, higy eeey h) T

Theorem 2.41. [17] Let A € R, and let (hy, ha, ..., h,) € H,.

The map ) : R, — End(H,) given by (A)(hy, ha, ..., hy)T = 7(A(hy, ha, oy hy)T)
18 a surjective ring homomorphism.

The map v describes E, = End(H,) as a quotient of the matrix ring R,,.
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Lemma 2.42. [17] The kernel of 1 is the set of matrices A = (a;;) € R,
such that p®

Q5 v Z,j

Proof. Let w; = (0,...,gj,....,0)7 € H, be the vector with g¢; in the jth

position and zeroes everywhere else. If A = (a;;) has the property that p®
a;; V1, j, then
V(A)w; = (mi(ars), .., m(an;)) = 0.

In particular, since each h € H), is a Z-linear combination of the w; it follows
that ¢»(A)h =0V h € H,. This proves that A € ker(¢).
Conversely, suppose that A = (a;;) € ker(y), so that ¢¥(A)w; = 0 for

each w;. Then from the above calculation, each a;; is divisible by p®.

Theorem 2.43. [17] An endomorphism M = 1 (A) is an automorphism if
and only if A(mod p) € GL,(F,).

Thus in order to form an automorphism of H,, is is necessary to first form
a matrix A = (a;;) € R,. Then we quotient out each row mod p to get an
element of E),. Finally this element of F, is an automorphism of H, if and
only if we get an element of GL,(IF,) when we quotient out pZ from each

entry.

For example, consider the group Cy x Cy. Here p = 2,1 =1, e = 2.

a a
An element A of Ry must be of the form: 1 2
2a91 ag

7 8
The matrix

] is one such matrix.

. This is an element

10
When we quotient out each row mod p®, we get: [ 5
of E,.
. ) ) 1 0
Is it an automorphism of H,? Well, when we quotient out 27Z, we get 01

which is an element of GLs(IF5). In fact it is the identity matrix which fixes

all elements of Cy x C4.
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In this way, all of the automorphisms of H, can be formed.

In practice, it is easier to work backwards, and start with the elements of
GL,(F,) that can be extended to form an element of R,. Then we calculate

the number of ways this element can be extended to form an element of E,.

By doing this, it is possible to determine |Aut(H,)| for any H,.
We now use Cy x (4 as an example of how Hillar and Rhea’s method for
counting the automorphisms is applied. Also, in doing this, we can view the

8 elements of Aut(Cy x () as matrices.

Example 2.44. Let H, ~ Cy x Cy. That is H, ~ Cy x Cy2 and so p = 2,
er =1 and e; = 2.

We need to find all the elements of G Ly(F2) that can be extended to a matriz
A € R, and then calculate all of the distinct ways of extending such an

element to an endomorphism.

The 6 elements of GLy(Fy) are:
10 11 01 01 10 11
01 0 1 10 11 11 10

10 11
Of these only [ 01 ] and [ 01 ] can be extended to a matric A € Ry

because they are the only ones with zero in ag; position.

The next step is to calculate all of the distinct ways of extending each of the
two matrices to an endomorphism. We first look at the necessary zeros of
which there is just one. There are 2 ways to extend this entry as we can
add any element of pZ/p“Z. That is we can add any element of 2Z /47 (i.e.
{0,2}). So there are 2 ways of extending this element.

At the not necessarily zero entries we can add any element of pZ/p“Z to the
entries on the i*" row.

That is we can add any element of 2Z)2'Z (i.e. {0}) to the 2 entries on
the 1st row and we can add any element of 2Z/47 (i.e. {0,2})to az. So

ags becomes either 1 or 3. This gives a total of 2 ways for all of the not
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necessarily zero elements of the two matrices.

Thus the total number of distinct automorphisms is equal to the product of
the number of matrices in GLy(Fy) which we can extend (2) by the number
of possiblitites for the zeros (2) by the number of possiblilties for the not nec-
essarily zero entries (2). That is 2 X 2 X 2 = 8 automorphisms. By Example
2.3 1t was established that the automorphism group of Cy x Cy 1s Dg. We

can now write the 8 automorphisms as 2 X 2 matrices thus:

I

Next we look again at Aut(Cy x Cy x Cy).

Example 2.45. Let H, ~ Cy x Cy x Cy. That is H, >~ Cyn X Cyn X Cxp
and sop=2,e,=1,ea=1,e3=2 andn = 3.

First we find all the elements of GL3(Fy) that can be extended to a matriz A
€ Ry.

Each matrix A € Ry will be of the form: | ay  aoe ass | , where a;; €

2a31 a3z as3

7.
bir b2 b1z

Then (b;j) € GL3(Fy) will be of the form: | by, boy bz | , where b;j € Fy.
0 0 bs3

To count the number of ways of forming an invertible matriz (b;;), we need
to count the number of ways it can have linearly independent rows.

For the third row, there are already two zeros in the first two entries. The
third entry cannot be zero and so it must be a 1, so there is only one choice
for the third row.

For the first row there are 2° — 2 = 6 choices (all except a scalar multiple of
the third row).

For the second row there are 23 — 22 = 4 choices, that is all except a linear
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combination of the first and third rows (not in the span of the first and third
rows).

Thus there are 6 x 4 = 2/ different matrices in GL3(Fy) that can be extended
to a matrizx A € R,.

Next we count the number of ways of extending each of these 24 matrices to
an endomorphism.

First we count the number of choices for the necessary zeros. Because they
are in the third row, they must be elements of Z./AZ that will be reduced to 0
(mod 2) and so can be either 0 or 2. That is two choices for each of the two
which gives 4 different possibilities for the necessary zeros.

Finally we count the number of choices for the not necessarily zero entries.
We can add any element of 2Z/27 (i.e. {0}) to the entries on the 1st and
second rows (so only one choice here) and we can add any element of 27 /A7
to bsz. So we can add either 0 or 2. This gives a total of 2 ways for all of
the not necessarily zero elements of the 2 matrices.

Thus the total number of distinct automorphisms is equal to the product of
the number of matrices in GL3(Fy) which we can extend (24) by the number
of possiblitites for the zeros (4) by the number of possiblilties for the not

necessarily zero entries (2). That is 24 X 4 x 2 = 192 automorphisms.

Example 2.46. Let H, ~ Cy x Cy x Cy and sop =2, e; =1, eg = 2,
es=2andn = 8.
First we find all the elements of GL3(Fy) that can be extended to a matriz A
€ Rs.

aip  Qi2 a3
Each matric A € Ry will be of the form: | 2ay; age ao3 | , where a;; € Z

2a31 azy ass

bii bz bis
Then (b;j) € GL3(F2) will be of the form: | 0 byy bz | , where b;j € Fy.
0 bs2 bss
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This time, we can count the number of ways (b;j) can have linearly inde-
pendent columns. Because of the two zeros in the first column, the situation
is identical to the previous example, and we have 24 different matrices in

GL3(Fy) that can be extended to a matric A € Rs.

Next we count the number of ways of extending each of these 24 matrices to
an endomorphism.

First we count the number of choices for the necessary zeros. Because they
are in the second and third row, we can add any element of 27./47 and the
entry can be either 0 or 2. That is two choices for each of the two, which
gives 4 different possibilities for the necessary zeros.

Finally we count the number of choices for the not necessarily zero entries.
We can add any element of 2Z/27 (i.e. {0}) to the entries on the 1st row
(so only one choice here) and we can add any element of 2Z/AZ to the four
remaining entries on the second and third rows. This gives a total of 2* =
16 ways for all of the not necessarily zero elements of the 24 matrices.

Thus the total number of distinct automorphisms is equal to the product of
the number of matrices in GL3(Fy) which we can extend (24) by the num-
ber of possiblitites for the zeros (4) by the number of possiblilties for the not

necessarily zero entries (16). That is 24 x 4 x 16 = 1536 automorphisms.

The slightly ad-hoc method for calculating |Aut(H,)| used in the previous
three examples is stated more systematically in the following theorem from
Hillar and Rhea. It is useful to take a more systematic approach for calcu-

lating |Aut(H,)| as H, becomes larger.

Theorem 2.47. [17] The abelian group H, = Z/p"'Z X .... X Z/p*"Z has
|Aut(H,)| = kﬂl(pd’“ —pF Hl(pej)"*dj l_[l(pei)"*ci+1
= J]= 1=
where dy, = maz{l : e, = ey} and ¢, = min{l : e, = ey }.

In words the formula states that the total number of distinct automor-

phisms is equal to the number of matrices in GL,(F,) which we can extend
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multiplied by the number of possiblitites for the zeros multiplied by the num-

ber of possiblilties for the not necessarily zero entries.

Example 2.48. Let H, ~ C3 x Cy; x C3 x Ciog. Thenp =2, e; = 1,
eco=1,e3=2,e4=3,e5=3,e6=7T7 andn = 6.

First we find all the elements of GLg(F3) that can be extended to a matriz A
€ Ry. Each matrix A € Ry will be of the form:

al a12 @13 a4 Q15 aie
21 22 23 (24 25 26
2a31  2a3x  asz 34 a3s a36
) ) , where a;; € Z.
2%a41 2%a42 2a43 Qg Q45 Q46

2 2
2%a51 2%asy 2as3  ass  ass  Gse

6 6 5 4 4
2%ag1 2%as2 2°ag3 2%ass 2%aes aes

Then (b;;) € GLs(F2) will be of the form:

bll bl2 b13 b14 b15 b16
b21 b22 b23 b24 625 b26

0 by bsy by b
53 Tea T T , where b;; € Fs.
baa bys  bag

0
0 0 bsa bss bss
0 0 0  bes

o O O O

To count the number of ways of forming such a matriz (b;;), we need to count
the number of ways it can have linearly independent columns.

For the 1st column, there are 22 —1 = & choices (all except two more zeros).
For the 2nd column, there are 2> —2 = 2 choices (all except a scalar multiple
of the first column).

For the 3rd column, there are 23 — 2% =/ choices (all except a linear combi-
nation of the first two columns).

For the 4th column, there are 2° — 23 = 24 choices (all except a linear com-
bination of the first three columns).

For the 5th column, there are 2° — 2% = 16 choices (all except a linear com-

bination of the first four columns).
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For the 6th column, there are 26 — 25 = 32 choices (all except a linear com-
bination of the first five columns).
This is a total of 3.2.4.24.16.32 = 2'°.32 different matrices in GLg(Fy)

that can be extended to a matrix A € Ry.

Next we count the number of ways of extending each of these 2'5.3% matrices
to an endomorphism.

In each column, the necessary zeros can be extended by adding any element
of (2)¢%7Z/(2)%Z. Thus for each necessary zero in a particular column j,
there are p® ways that it can be extended.

Thus in the 1st column, there are 2 ways for each of the four entries, that
is 2* = 16 choices. In the 2nd column, there are also 2* = 16 choices. In the
3rd column there are 43 = 64 choices. In the 4th column, there are 8' = 8
choices and in the 5th column there are also 8' = 8 choices.

Altogether that is 16.16.64.8.8 = 220 choices for the necessarily zero entries.

Next, we count the choices for the not necessarily zero entries. We do this
one row at a time.
In each row, we can add any element of 27./(2)Z to the not necessarily zero

entries. Thus for each entry in a particular row i, there are p®~!

ways that
it can be extended.

Thus in the 1st row, there are 2° ways for each of the siz entries, that is 1°
=1 choice. In the 2nd row, there are also 1 = 1 choice. In the 3rd row
there are 2* = 16 choices. In the 4th row, there are 43 = 64 choices. In the
5th row there are also 43 = 64 choices. Finally, in the 6th row, there are 64
choices.

Altogether that is 1.1.16.64.64.64 = 222 choices for the not necessarily zero

entries.
This means that |Aut(C3 x Cy x CZ x Ciag)| = (2'5.3%)(2%0)(22%) = 257.32.

The results of this Chapter can be summarised in the following table.
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2.7 Table of Aut(G) for Small Abelian Groups

|G| G Decomposition | [Aut(G)| | Aut(G)

1 4 1 Ch

2 Cy 1 Ch

3 C3 2 Cy

4 Cy 2 Cy

4 2 6 GLo(Fs) ~ Dy
5 Cs 4 Cy

6 Cs Cy x Cy 2 Cy

7 Cr 6 Cs

8 Cy 4 C?

8 Cy x Cy 6 Dyg

8 c3 168 | GLy(F)

9 Cy 6 Cs

9 2 18 | GLo(Fs)
10 Cho Cy x Cs 4 Cy

11 Chy 10 Cho

12 Chs Cs x C4 4 C3

12 | Cy x Cg C2 x Cy 12 Dyy

13 Cis 12 Ciz

14 Cy Cy x Cr Cs

15 Cis Cy x Cs Cy x Oy
16 Cie 8 Cy x Cy
16 | Cy x Cy 16 Cy x Dg ~ Dyg
16 C? 906 | GL.(Z/4Z)
16 | ¢z x ¢, 192

16| o 20160 | GL4(Fs)
17 Cir 16 Cig

18 Cis Cy x Cy 6 Cs

Continued on next page
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Table 2 — continued from previous page

|G| G Decomposition | [Aut(G)| | Aut(G)

18 | O3 x Cq Cy x C2 48 G Lo(F3)

19 Cio 18 Cis

20 Cy Cy x Cs 8 Cy x Cy

20 | Cy x Cyp C2 x Cs 24 Cy X GLy(Fy) =~ Cy x Dy

21 Cy Cs x Cy 12 Cy x Cg

22 Cog Cy x Cpy 10 Cho

23 Cos 22 Cos

24 | Cy C3 x Cs 8 C3

24 | Cy x Cla | Oy x O3 x (4 16 Cy x Dg ~ Dqg

24 | C2 x Cg C3 x Cy 336 Cy X GL3(IFy)

25 Cos 20 Coo

25 c? 480 | GLo(Fs)

26 Co Cy x (3 12 Cio

27 Coyr 18 Cis

27 | C3 x Cy 108 (a,b,e,d = a® = V¥ =
B =d2=100 =B =
b2t =2 ¢t = 2 at =
a,ch = a"2bed?)

o7 | 3 11232 | GLs(Fs)

28 Casg Cy x Cy 12 Oy x Cg

28 | Oy x Cy | Oy x Oy x C 36 Cs X Dg

29 Coyg 28 Cos

30 Cs Cy x Cy x Cs 8 Cy x Cy

31 C3 30 Cso

32 C39 16 Cy x Cy

32 | Cy x Cg 32 ((Cy x Cy)x Cy)x Cy

Continued on next page
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Table 2 — continued from previous page

|G| G Decomposition | [Aut(G)| | Aut(G)

32 | Cy x Cy 128 (ay,a9,b,c,dy,dy
a? = ai = = =
& o= dy = 1,0m =
bfl’bag _ b5—1’bd1 —
b=len = ¢l e
A = Tl e®
0571,06 = aya, ‘bedids,
b = a;lbc2d2,
(ay,a9,dy,ds) is abelian)

32 | €2 x Cy 384

32 | 0y x 2 1536

32 | ¢ xC, 21504

32 3 9999360 | G'Ls(F,)

33 Cs3 C3 x Cy 32 Cso

34 C34 Cy x Cry 16 Cle

35 Css Cs x Cr 24 Cy x Cg

36 C36 Cy x Cy 12 Cy x Cg

36 | Cy x Cis C2 x Cy 36 Dg x Cg

Continued on next page
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Table 2 — continued from previous page

|G| G Decomposition | [Aut(G)| | Aut(G)

36 2 C2 x C3 988 | Dy x GLo(F3)
37 Csr 36 Cse

38 Css Cy x Cg 18 Cis

39 C39 C3 x O3 24 Oy x Oy

40 Clo Cs x Cy 16 C3 x C4

40 | Oy x Coy | Cy x Cy x C5 32 Cy x Dg

10 | ¢z x oy C3 x Cs 672 | GL3(Fs) x Cy
41 Cu 40 Cio

42 Cha Cy x C3 x Cf 12 Cy x Cq

43 Cys 42 Cyo

44 Cuy Cy x Cpy 20 Cy x Cho

44 | Oy x Cyy C? x Cpy 60 D¢ x Cho

45 Ciys Cs x Cy 24 Cy x Cq

45 | C5 x C2 192 | Cy x GLy(F3)
46 Ciu Cy x Cos 22 Coo

47 Cyr 46 Cius

48 Clis Cs x Cie 16 C2 x C4

48 | Oy x Oy | Cy x C3 x Cy 32 C2 x Dy

48 | Cy x Cha | Oy x Cy x Cy 32 C2 x Dy

Table 2: Table of Aut(G) for Small Abelian Groups
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3 Automorphisms of Non-Abelian Groups

In this section we look at the automorphisms of some categories of non-
abelian groups, including dihedral groups, semidirect products and general
linear groups. Some basic techniques and more advanced and recent methods
of M.J.Curran [11] (2008) are employed.

Definition [13] Z(G) = {g € G|gz = xg Vo € G}. Z(G) is called the centre

of G and is a normal subgroup of G.

Definition [13] Let G be a group and let g € G. Conjugation by g is called
an inner automorphism of G and the subgroup of Aut(G) consisting of all
inner automorphisms is denoted by Inn(G). Also Inn(G) ~ G/Z(G).

Example 3.1. The inner automorphism group of Qs. C# is a subgroup of
Aut(Qs). Qs is generated by the elements —1, i, j and k. Of these elements
only —1 commutes with all of the others and so the centre of Qg is < —1 >
={1,—-1} =~ Cy. The inner automorphism group is found by quotienting out
the centre of the group. Qg/Cy ~ C3. The inner automorphism group of Qg
~ C%. Inn(G) is a normal subgroup of Aut(G) and so C3 is a subgroup of
Aut(Qg).

Example 3.2. The automorphism group of Ds. Writing Dg as (z) X (y),

2 .3 2 3
YL Y, XY, 7Y, XY

The orders of the elements are as follows:

the elements are 1,x,x

element‘Z‘x‘ﬁ‘ﬁ‘y‘xy‘fy‘ﬁy
order | 1|4) 2] 4]2] 2] 2] 2

The generator x can be mapped to any of the elements of order 4: x or x3.

This gives 2 automorphisms. In each case the image of x when squared gives
22, so 2% will also be mapped to x* as these mappings are homomorphisms.
Thus the generator y cannot go to x%, but can only go to the other elements
of other 2 which are y, xy, %y or x3y. Thus there are a further 4 automor-

phisms for each of the earlier 2 giving a possible 2 X 4 = 8 automorphisms.
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These automorphisms are as follows:

Yi(v) =2 o(x) = 23 P3(r) = x Py(z) = 2°
Piy) =y Ya(y) =y Ys(y) =y Yaly) = zy
Ys(z) =2 e(r) = Ue(x) = x s(z) = o
%(y) = xzy ¢6(y) = ny ¢7(y) = 9539 %(y) = 9539

By labelling the 8 elements of Dg from 1 to 8, it is possible to describe the

mapping of each automorphism by the cycle decomposition on these 8 ele-

ments.
Element Cycle Decomposition | Order
1 (1) 1
g (24) 2
Vs (5678) 4
by (24)(56)(78) 2
Vs (57)(68) 2
o (24)(57) 2
s (5876) 4
s (24)(58)(67) 2

Each of these cycle decompositions is distinct, and so |Aut(G)| = 8. Clearly
there are 5 elements of order 2 in Aut(G) and the only group of order 8 with
exactly 5 elements of order 2 is Dg. Thus Aut(Dg) ~ Ds.
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Example 3.3. C3 x Cy = (x,y) with presentation (x,ylz® = y* = 1,29 =
by,
The elements are: 1,z,22 y,y2, >, vy, 2%y, vy*, 22y*, 2y3, %3

The orders of the elements are as follows:

element | 1| x| 22 |y | | | ay| 2y | o | 29* | of | 222

order | 1138|4121 414 4161 6| 4| 4
label |12 84|56 7| 8| 9| 10| 11] 12

The generator x can be mapped to any of the elements of order 3: x or x*.
This gives 2 automorphisms. The generator y can be mapped to any of the
siz elements of order 4. Thus there are a further 6 automorphisms for each
of the earlier 2 giving a possible 2 X 6 = 12 automorphisms.

These automorphisms are as follows:

¢1(x) =2 1/12($) =T @Dg(l‘) = 1/14(x) =
Pi(y) =y Pa(y) = 2%y Y3(y) = xy Ya(y) = xy°

s(x) = Vo(z) = Pr(z) = 2 Ps() = 2
Us(y) = 2*y° Ve(y) =y Vr(y) =y Us(y) = 2y

?#9(-%) = a? wlo(ﬂf) = z? ¢11($) = z? ¢12($) = g2
Yoly) = zy Yro(y) = zy? Yuly) = z*y° Va(y) =y

Each of these automorphisms is distinct, and so |Aut(Cs x Cy)| = 12.
By labelling the 12 elements of Cs x Cy from 1 to 12, we can write automor-
phisms as a cycle decomposition on these 12 elements. Six such automor-

phisms are as follows:
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Element Cycle Decomposition | Order
U1 (46)(7.11)(8.12) 2
V2 (487)(6.12.11) 3
V3 (478)(6.11.12) 3
by (4.11.8.6.7.12) 6
Ve (1) 1
(U (23)(46)(7.12)(8.11) 2

The centre of C3 x Cy is the group generated by y* and so the inner auto-
morphism group is found by quotienting out the centre. This quotient group
is Dg. Because this is a subgroup of the group of automorphisms, Aut(Cs %
Cy) must be non-abelian.

Now by process of elimination, we can determine the automorphism group.
Since at least one of the elements above has order 6 the group cannot be Ay
(A4 has no subgroup of order 6 [13]).

Since at least two of the elements above have order 2, it cannot be C5 x CYy.

This leaves only one non-abelian group of order 12, so Aut(Cs x Cy)~ Dis.
Lemma 3.4. [13] For alln # 2, n # 6, we have Aut(S,) ~ S,.

Example 3.5. Dg ~ S, and so by Lemma 3.4 Aut(Dg) ~ Dg.

Lemma 3.6. [23] For alln # 2, n # 0, we have Aut(S, x Cy) ~ S, x Cs.
Lemma 3.7. Form <n, GL,,(F,) is isomorphic to a subgroup of GL,(F,).

Proof. Let A € GL,,(F,) and consider the following homomorphism from
GL,,(F,) into GL,(F,).
Iy—m O

U(A) = 0 N where I,,_,, is the (n—m) x (n—m) identity matrix.
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Conjecture 1: If H < G, then Aut(H) < Aut(G).

This conjecture is false. The minimum counterexamples are of order 8. They
are Cy x Cy and Dg.
Here we list the smaller groups and check that the conjecture holds for them:
Note that H = C} < GV G and Aut(C}) ~ C) so clearly Aut(H) <
Aut(@). Also for H = Cy, we have Aut(Cy) ~ Cy so clearly Aut(H) <
Aut(@). Thus we need only look at subgroups bigger than Cy. Similarly, H
= (G < G and again clearly Aut(H) < Aut(G). Thus we need only look at
proper subgroups H where |H| > 2 to test the conjecture.

Cy: No proper subgroups of order > 2.

C2: No proper subgroups of order > 2.

(5 has only trivial subgroups.

Cs: O3 < Cg, and Aut(Cs3) ~ Cy < Aut(Cs) ~ Cs.

Dg: C3 < Dg, and Aut(C3) ~ Cy < Aut(Dg) ~ Dg.

C7 has only trivial subgroups.

Cs: Oy < Cg, and Aut(Cy) ~ Cy < Aut(Cg) ~ Cf.

Qs: Cy < Qs, and Aut(Cy) ~ Cy < C% < Aut(Qg) by Example 3.1.

C3: 02 < O3, and Aut(C?) ~ GLy(Fy) < Aut(C3) ~ GL3(Fy) by Lemma
3.7.

Therefore the conjecture holds for all of the above groups. There are two
other groups of order 8, and for them we find that:

Aut(Cy x Cy)~ Dg by Example 2.3.

Aut(Dg) ~ Dg by Example 3.2.
Thus both of the groups C4 x C5 and Dg have the same automorphism
group (Dg) and both also have C% as a subgroup. But Aut(C%) ~ GLy(Fs)
by Lemma 2.18 and GLs(FFy) £ Dg by Lagrange’s Theorem. Therefore the

conjecture is false and these are minimum counterexamples.
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In his 1943 paper Possible Groups of Automorphisms [23], G.A.Miller

lists some interesting properties of automorphism groups.

Lemma 3.8. /23] Let G be a group with no proper subgroup of index 2. Then
Aut(G x Cy) ~ Aut(G).

Example 3.9. Ay contains no subgroup of order 6 [13]. (In fact, it can be
shown that Ay is the group of smallest possible order not having subgroups of
all orders dividing the group order). Thus by 3.8, Aut(Ay x Cy) ~ Aut(Ay).

Lemma 3.10. /23] No group has a cyclic group of odd prime power order as
its automorphism group. The minimum group which is not the automorphism

group of any group is Cs.

3.1 Semidirect products

Definition [13] Let p be a prime. If G is a group of order p®m where p [
m, then a subgroup of order p™ is called a Sylow p — subgroup of G.

Theorem 3.11. [13] (Sylow’s Theorem) Let G be a group of order p*m where
p fm. Then Sylow p-subgroups of G exist. The number of Sylow p-subgroups
(ny) is of the form 1+ kp, i.e.

n, = 1(mod p)

Furthermore n, is the index of the normaliser Ng(P) for any Sylow p-

subgroup P, hence

ny, | m.

Definition [13] A subgroup H of a group G is called characteristic if every
automorphism of G maps H to itself.

Note that one particularly useful property of characteristic subgroups which
we make use of here is that if H is the unique subgroup of G of a given order,
then H is characteristic in G [13].
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Example 3.12. Taking Dyy = (z,y|lz” = y?,2¥ = x71), the elements and
their orders are as follows:
a2 | @]t |& ]| y|ay|@y|Py|aty]|y]ay
tlr) vl 7] r|efe] e 2| 2] 2]2

The generator x can be mapped to any of the 6 elements of order 7, while the
generator y can be mapped to any of the 7 elements of order 2. This gives 6

X 7 = 42 automorphisms. What about the structure of Aut(D14)?

42 has prime decomposition 2.53.7. By Theorem 3.11 there are Sylow 7-
subgroups in Aut(D14). The number of them must divide the index of the
group which is 6. That is n;7|6 where ny is the number of Sylow-7-subgroups.

Also ny = 1(mod 7), and so n; = 1.

C7 is normal in Dyy and is the unique subgroup of order 7, so it is charac-

teristic. This means that every automorphism of D1y maps C; to itself.

Theorem 3 in Curran’s paper Automorphisms of Semidirect Products [11],
deals with groups G = Hx K (with H abelian), and gives a method for finding
the group of automorphisms that fir H. Because H = C; is characteristic

in Dy4, then this method can be applied here and will reveal the structure of

Aut(D14) .

The Theorem says that these automorphisms form a group B X E where B =

01
homomorphisms from K into the centre of H such that f(kk') = B(k)B(k')*

and E = { g g) :(,0) € R} where R = {(«,0) € Aut(H) x Aut(K) :

{( LA ) : 8 € CHom(K,Z(H))} and CHom(K,Z(H)) are the crossed

a(h®) = a(h)’®},

Now oo €Aut(C7) = a €Cq. § €Aut(Cy) = 6 €Cy = d =1. Thus R = C;
=FE.

What are the crossed homomorphisms from Cs into the centre of C7 ¢
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There are 7 possible mappings for the generatory into Cy. Labelling each map
as f; : y — x*, we can check whether each map is a crossed homomorphism

according to the definition above.

filvy) = i) fiw)°Y = fily) fi(y)Y = 2'.(2")Y = 22" = 1 Vi. Thus
£(1) = 1¥i.

fi(y. 1) = fi(y) f:(1)°W) = f;(y) = 2° Vi.
fi(ly) = fily) =2 f;(1)fi(y)°’Y = fi(y) = 2 Vi.

Thus all 7 maps are crossed homomorphisms according to the definition set
out above. That is |B| = 7 =B=C; = Aut(Dy4) ~ C7 x Cgs. The next step

is to define the group action.

Let C7; = {(a) and let Cg = (b). We now find automorphisms of order 7 and

6 (which will serve as generators for the two groups C7 and Cg respectively)

and check how the latter conjugates the former.

We can write each automorphism as a permutation of the elements of D1y

using its cycle decomposition. First we number the 14 elements of Dyy:
12 s g|s5|6|7]s|9o]10)|11]12]13]y
Z‘x‘f‘xg‘x‘l‘ﬁ‘fvﬁ‘y‘xy‘xzy‘xgy‘x“y‘fy‘xﬁy

The automorphism which fixes x but sends y to xy has cycle decomposition
(8910111213 14) and order 7 so we label it a.

The automorphism which sends x to x> and which sends y to xy has cycle
decomposition (243 756)(89 121413 10) and order 6. We label it b.

bl = (657342)(1013141298). Thus a® = bab~* = (8131191412 10).

We can now find the power of a that matches this cycle decomposition.
a> = (8101214911 13)

a® = (8111410139 12)

a* = (8129131014 11)

a® = (8131191412 10) = a’.
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So Aut(D1y) ~ C7 x Cg ~ {a) x (b) with a® = a®.

3.2 Automorphisms of Dihedral Groups

The order of the automorphism group of a dihedral group D, is well known.
|Aut(Day,)| = n(¢(n)) [13] where ¢(n) is the Euler totient function giving the
number of positive integers less than n which are coprime with n.

A dihedral group, when viewed as a group of symmetries of an n-gon, has
two generators, a rotation (x) of 27 /n radians and any reflection (y) through
a line joining a vertex and the centre of the n-gon. The rotation x has order
n, and altogether there are ¢(n) rotations which have order n and so there
are ¢(n) possible images for  under an automorphism. The reflection y has
order 2 as do all of the n reflections. The reflection y can be mapped to any

of these n reflections. Thus there are n(¢(n)) automorphisms.

Example 3.13. For Dy, we have n = 5. ¢(5) = 4, and so |Aut(Dyg)| =
5(4) = 20.

The structure of the automorphism group of a dihedral group Ds, is also
well known to be the holomorph of C,, [22].

Definition [1] The holomorph of a group G, denoted Hol G is the semidi-
rect product G x Aut(G), with multiplication defined as (z1,01)(29,09) =
(%101(1‘2),0’102) for xr; € G and o; € Aut(G’)

Theorem 3.14. [22] Aut(Ds,) ~ Hol C, ~ C,, x Aut(C,).
Example 3.15. Aut(Dg) ~ C5 x Aut(C3) ~ C5 x Cy ~ Dg.
Example 3.16. Aut(Dg) ~ Cy x Aut(Cy) ~ Cy x Cy =~ Dsg.

Example 3.17. Aut(D1y) ~ C5 x Aut(Cs) ~ C5 x Cy.
Note that this particular semidirect product is not isomorphic to Dogy. In fact

it is called the Frobenius Group of order 20 or Fyy and it has presentation
(z,ylat =y° = Laya™! = y?) [13].
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Definition [1] The group of affine transformations over Z/nZ is denoted by
Aff(Z/nZ) where AfH(Z/nZ) = {0 : x — ax + bla,b € Z/nZ, (a,n) = 1}.

Another way to view Aut(D,,) is as the group of affine transformations over
Z/nZ. The group Hol C,, (which is isomorphic to Aut(Ds,)) is isomorphic
to Aff(Z/nZ) [1].

The structure of Aff(Z/nZ) is described in a paper by S.S. Abhyankar [1].
To see that G = Aff(Z/nZ) is a group, first take two maps, T, : © — ax +b
and T, 4 : © — cx+d and compose them. We get T, 1.4 : © — cax+ (cb+d),
which is in GG, since ca is the product of two units and is thus a unit also. Thus
G is closed. Composition of maps is associative. Taking a = 1 and b = 0
gives the identity transformation. The inverse operation is x — xa™! — ba™!

which again is ok because a is a unit in Z/nZ. Thus G is a group.

The structure of G = Aff(Z/nZ) is shown as follows. Let a,b € Z/nZ such
that (a,n) = 1.

(Z/nZ)* is isomorphic to the subgroup N = {w : x — lx + b}.

(Z/nZ)* is isomorphic to the subgroup A = {k : x — az + 0|(a,n) = 1}.
The intersection of these two subgroups is the identity transformation.

The group of affine transformations Aff(Z/nZ) is the semidirect product of
these two subgroups with N normal in G, that is G ~ N x A [1]. In other
words, it is the semidirect product of the additive and multiplicative groups
of Cy,. So we have that Aff(Z/nZ) ~ (Z/nZ)* x (Z/nZ)*.

Note that N ~ (Z/nZ)* is an abelian group of order ¢(n) and is the au-
tomorphism group of €, by Lemma 2.4. This is the same structure as the
holomorph of C), given above.

Thus we have the following theorem.

Theorem 3.18. Aut(D,,) ~ Hol C, ~ C, x Aut(C,) ~ (Z/nZ)* x
(Z/nZ)*.

Example 3.19. Consider Dg. We have n = 3. Then a € {1,2} (i.e. a
€ (Z/nZ)*) and b € {0,1,2} (i.e. b € (Z/nZ)"). Then the elements of
Af(Z|nZ) are the following 6 maps:
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gr:r— 1l +0

go:x+—2x+0

gs:x—lo+1

ga:x—2x+1

gs v — lo +2

g 1T — 20+ 2
The group operation is composition. Thus gegs: © — 2(1lx + 1) + 2 which is
x +— 2z + 0 which 1s gs.

Example 3.20. Consider Dyy. Then Af(Z/6Z) = {x — ax + b} where a
€ {1,5} and b € {0,1,2,3,4,5}. The subgroup N consists of the 6 elements:
n:x—x+0
nog:x—x+1
ng:rx—T+2
Ng:Tc+—x+3
ny:x—x+4
Ng:T+—T+DH
N is abelian and so N ~ Cs.
The subgroup A consists of the 2 elements
ar:x—x+0
ay:x—2x+0
Thus the structure of Af{Z/6Z) ~ Cs x Cy. There is only one semidirect
product of these two groups and it is Aut(Dy3) ~ Dis.

Example 3.21. Consider Dyy. Then Af(Z/5Z) = {x — ax + b} where a
€{1,2,3,4} and b € {0,1,2,3,4}. The subgroup N ~ C5. The subgroup A
~ Aut(Cs) ~ Cy. Thus the structure of Aut(Dyg) ~ Cs x Cy.

o4



3.3 Automorphisms of General Linear Groups

In 1951 Dieudonne [12] characterised the automorphisms of general linear
groups GL,(R) where R is a commutative ring with unity. The automor-
phisms are composites of three types of standard automorphisms and are
summarised in papers by W.C Waterhouse [31] and B.R. McDonald [20]. Be-
fore listing the three types of standard automorphisms, let us recall a couple

of definitions from earlier in this Chapter.

Definition [13] Z(G) = {g € G|gz = zg Vx € G}. Z(G) is called the centre

of G and is a normal subgroup of G.

Definition [13] Let G be a group and let g € G. Conjugation by ¢ is called
an inner automorphism of G and the subgroup of Aut(G) consisting of all
inner automorphisms is denoted by Inn(G). Also Inn(G) ~ G/Z(G).

Definition [13] An outer automorphism is an automorphism which is not
inner. The outer automorphism group, defined Out(G) is isomorphic to
Aut(G)/Inn(G). The elements of Out(G) are cosets of Inn(G) in Aut(G).

For general linear groups GL,,(R), the centre consists of the scalar matrices.
These scalar matrices are found by multiplying the identity matrix by the
units in 2. Note that when R is a field I, then the order of the centre
|Z(GL,(F,))| is p — 1 as there are p — 1 invertible elements of the field F,,.

Definition [8] The projective general linear group PGL,(F,) is the group

obtained from GL,,(F,) by factoring out the scalar matrices contained in that

group.

In other words, the inner automorphism group of GL,(F,) is PGL,(F,) and
|PGL,(F,)| = &)l

p—1

Definition [19] The special linear group SL,(F,) is the group of n x n

matrices over [F, with determinant equal to 1.
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Definition Let A € GL,(F,). The inverse transpose maps A to (AT)7!.
Note that (AT)™1 = (A~1)T.

Now we can list the three types of standard automorphisms of general linear
groups.

First there are the algebraic automorphisms. These are the inner auto-
morphisms (conjugation by an element of GL,(R)) as well as the inverse
transpose.

Secondly, there are automorphisms of the ring R which are applied to the
entries of the matrix.

Finally, there are the radial automorphisms which map a matrix A to A\(4)A
where A(A) is some scalar (depending on the matrix A). The existence of
these radial automorphisms depends on the prime p. An example of a radial

automorphism is det(A)A.

Lemma 3.22. [2/] The inverse transpose map is an inner automorphism

on the special linear group SLs(F,) and equals conjugation by the matriz

0 —1
1 0 |

Forn > 3, or form =2 and p > 3, the inverse transpose map is an outer

automorphism of the general linear group G L, (F,).

Lemma 3.23. [31] The inverse transpose is an involution (a function that is
its own inverse) and has order 2. When the inverse transpose is an outer au-
tomorphism, the group of algebraic automorphisms of GL,(R) is the semidi-
rect product of the inner automorphism group and the outer automorphism
group of order 2 consisting of the inverse transpose. When the inverse trans-

pose is an inner automorphism, the group of algebraic automorphisms of

GL,(R) is simply Inn(GL,(R)).

Example 3.24. Let G ~ GLy(Fy). We look at the three standard automor-
phism types in turn.

Firstly, Inn(G) ~ GLs(F3) as the center is trivial. Also n = 2 but p = 2,
and so GLy(Fs) ~ SLy(Fs) and so by Lemma 3.22 the inverse transpose map
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15 an inner automorphism. Thus the algebraic automorphisms consists only
of the inner automorphisms, so the group of algebraic automorphisms is iso-
morphic to GLy(Fs).

Secondly, Fy has only the trivial field automorphism so there is nothing extra
here.

Finally, radial automorphisms are multiples of the matriz by a scalar, and Fq
only admits one non-zero scalar multiple, which is the trivial automorphism.
So there are no extra radial automorphisms.

Note that GLy(Fy) ~ Dg ~ S3 and we already established that Aut(Ss) ~ S
in Example 3.5.

In conclusion, Aut(GLo(F2)) >~ GLy(Fy).

Example 3.25. Let G ~ GL3(F2).

Firstly, Inn(G) ~ GL3(Fs2) as the center is trivial. Because n > 2, the
inverse transpose gives an outer automorphism by Lemma 3.22. Thus the
group of algebraic automorphisms is G L3(Fs) x Cy by Lemma 3.25.
Secondly, Fy has only the trivial field automorphism.

Thirdly, there are no extra radial outer automorphisms as in the previous

example.

By GAP [14] we confirm that Aut(GL3(IFy)) ~ GL3(Fy) x Cs.

Example 3.26. Let G ~ GLo(F3). Let the elements of Fs be 0,1,2 where 2
=-1.

Firstly, Inn(G) ~ PGLy(F3) ~ Sy [14] which is a subgroup of G of index
2 as the centre of G consists of two elements (the scalar multiples of the
identity matriz by 1 and 2). Because n =2 and p = 3, the inverse transpose
gives an outer automorphism by Lemma 3.22.

F3 has only the trivial field automorphism.

There is a radial automorphism for this group and it is the automorphism
which maps A to det(A)A.

By GAP [14] we note that Aut(GLy(F3)) ~ Sy x Cy. It is a direct product
because the action of the inverse transpose on Sy is trivial. The radial outer

automorphism sends each matriz either to itself or to its negative (so that it
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stays in the same coset of the center, and therefore induces the same map
by congugation). It fizes the subgroup SLs(IF3) pointwise, and sends all the
elements in the other coset of SLy(F3) to their negatives. This isnt the
same as the transpose-inverse. But it 1s in the same outer automorphism
class. It can be obtained by composing the transpose-inverse with the inner
automorphism consisting of conjugation by the matrix

0 -1

1 0

We now examine this composition in more detail.
Let f be the radial outer automorphism. So f: A det(A)A.
Let t be the inverse transpose. That ist: A — (AT)™L.

Let g be conjugation by B. That is g : A~ BAB™!.
a b

c d|

B —

Now, let A be the matrix

-b a

|

Then t(A) = (AT)"! = [det(A)]"! 4 _C].

[det(A))~

0
fo =] a =] o0 1
= et A 0”—b a”—l 0]
. [0 -1 c d
= [det(A) 10 ] —a b
= [det(A)]™! CCL Z = f(A) as defined above.

Note that [det-(A)]_l = det(A) in Fs.

Thus the outer radial automorphism f : A~ det(A)A is the composition of
conjugation by B with the inverse transpose. The inverse transpose generates
the outer automorphism group of order 2 which acts on the inner automor-
phism group as a direct product. By GAP [14] we note that Aut(GLy(Fs3)) ~
Sy x O,
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3.4 Automorphism Groups of Automorphism Groups

It is natural to ask what is the automomorphism group of the automorphism

group of a group G?

Definition Aut"G = Aut(Aut"'G) where Aut’G = G. Listing Aut*G,
Aut®G, and so on gives a sequence of automorphism groups, known as an

automorphism tower.

Definition An automorphism tower is said to terminate when Aut*G =
Auth=1@ for some positive integer k. We will call the smallest such k the

height of the automorphism tower.

Conjecture. Aut"G terminates at C for all cyclic groups. This conjecture

is false. Cy is the minimum counterexample. It converges to G Lo(F3).

Another natural question to ask is whether the automorphism tower termi-
nates for all groups G?

H. Wielandt (1939) [33] proved that the automorphism tower of any center-
less finite group terminates in finitely many steps. Simon Thomas (1985)
[30] proved that the automorphism tower of any centerless group eventually
terminates. In 1998, J.D.Hamkins [15] proved that every group has a termi-

nating transfinite automorphism tower.

In the table which follows, we show the automorphism tower for a number of
small abelian groups. In completing this table, we make use of some of the
results from this Chapter as well as the computer algebra system GAP [14].
Aut(Dg) ~ Dg by Lemma 3.4.
Aut(Dg) ~ DS by Example 3.2.
Aut(Qs) = Si [2].
Aut(S,;) ~ Sy by Lemma 3.4.
(D1o) =~ Fy by Example 3.17.
(Fy) =~ Fyy by GAP [14].
(C3 x Cy) ~ Dy5 by Example 3.3.
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3.5 Automorphism Tower for Small Groups

G AutG Aut?G Aut3G Aut?G
Ch Ch Ch 4 Cy
Co Cy Ch Ch Ch
Cs Cy 4 4 4
Cy Cs Ch Ch Ch
C? GLy(Fs) ~ Dg Dy Dy Dy
Cs Cy Cy Ch 4
Cs Cy (& C 4
Dg Ds Ds Dg Dg
Cr Cs Cs Ch C
Cs C? GLs(Fy) ~ Dg Dg Dg
Cy x Cy Dsg Dy Dg Dg
Dy Dy Dy Dy Dy
Qs Sa S4 Sy S,
Cs G L3(F2) GL3(Fs) x Cy | GL3(Fy) x Cy | GL3(Fy) x Cy
Cy Cs Cs Ch Ch
C? G Ly (F3) Cy x Sy Cy x Sy Cy x 8y
Cho Cy Cy C Cy
Dig Fao Fao Fao Fao
Ch Cho Cy Co C
Cho C? GLs(Fy) ~ Dg Dg Dg
Cy x Cg Dy Dy D1 Do
D1 Dy Dy D1 D1
Cs x Cy Dy Do D1 D1
Ay Sy S Sy Sy
Cis Ciy 2 GLo(Fs) ~ Dg Ds
Cua Cs Cy C C
Dyy C7 x Cq C7 x Cq C7 x Cq C7 x Cq
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4 Finite Commutative Group Algebras

Definition Fix a field F' and let G = {g1, g2, ....., go} be any finite abelian
group with group operation written multiplicatively. Then the group algebra
FG is the set of all linear combinations of group elements with coefficients

in F'. FG can be considered as the vector space with basis GG over the field
F.

Elements of F'G are of the form: a;g; + asgs + ....... + Gngpn, where a; € F,
1<i<n.

If g; is the identity of G, then a;g; is sometimes written as a,. Similarly, 1g
is sometimes written as g.

Addition is performed componentwise. Multiplication is performed as
follows: (ag;)(bgj) = (ab)gx, where the product ab is taken in F', and the
product ¢;g; = gi is taken in G.

These operations make F'G a ring. This type of ring is called a group ring.
Moreover, if F' is a finite field, F'G is called a finite group algebra.

Lemma 4.1. Let R be a ring of order m and G a group of order n. Then
RG is a group ring of order |R|I€!,

Proof. Let RG = {3 a4la, € R}.
geG
For each g, there are m elements of R, so there are mjn.m ... m elements in
—_—

|Gl =n
RG. So m" = |R|I¢.
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4.1 The Unit Group of FG

In this section, group algebras formed by a finite field and an abelian group
are examined. For each group algebra, the Artin-Wedderburn decomposition
is found where applicable. The unit group is also found.

At the end of this section a table is presented detailing these results. We
start with a detailed look at some of the smaller group algebras to get an

illustration of the method used to decompose and find the unit group.

Definition The units of a group algebra are the invertible elements. These

units form a group called U(F'G) under multiplication.

Lemma 4.2. For finite G and finite F, |G| < |[U(FG)| < |FG|.
Also |G| divides |U(FG)|.

Proof. The elements of the group are all units so |G| < |[U(FG)| and by
Lagrange’s Theorem |G| divides |U(F'G)|. The units must be elements of
FG,s0 |[U(FG)| <|FG|. Also0 € FGbut 0 ¢ [U(FG)| so |U(FG)| < |FG].

The task of finding U(F'G) is greatly simplified if F'G can be decomposed
as a direct sum of matrix rings over division rings. The following two the-
orems are used throughout this section. Note that F'G is a ring, so both

theorems apply to group algebras.

Definition [28] A ring R is semisimple if it can be decomposed as a direct
sum of finitely many minimal left ideals, i.e. R = L& Lo ® ... & L; where L;
is a minimal left ideal. Note that L is a minimal left ideal of R if L is a left
ideal of R and if J is any other left ideal of R contained in L, then either J
={0}or J = L.

Theorem 4.3. [28] (Artin-Wedderburn Theorem) R is a semisimple ring if
and only if R can be decomposed as a direct sum of finitely many matriz rings
over division rings, i.e. R ~ M, (Dy) & M,,(D3) ®.....& M, (D) where

D; is a division ring and M,,(D;) is the ring of n; x n; matrices over D;.
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This decomposition is unique [28] and is known as the Artin-Wedderburn

decomposition or the Wedderburn decomposition.

Definition [10] Let R be a ring. If n is the smallest positive integer such
that nr = 0V r € R then n is called the characteristic of R, and char(R) =

n. If no such n exists, then char(R) = 0.

Theorem 4.4. [28] (Maschke’s Theorem) Let G be a group and R a ring.
Then RG s semusimple if the following conditions hold:

(i) R is semisimple

(ii) G is finite

(111) |G| is invertible in R
Corollary 4.5. [10] Let G be a finite group and F a field. Then FG is
semisimple if and only if char(F) [ |G|. Note that any field F is semisimple
(F = M(F)) and if |G| is not a multiple of char(F) then |G| is invertible
in F.

Definition [13] Let R be a ring. An element e € R is called an idempotent

if €2 = e.

Definition [26] For a ring containing an idempotent e, there exist left, right
and two-sided Peirce decompositions, which are defined by R = Re® R(1 —
e)y, R=eR®(l—e)R,and R =eRe®eR(1—e)B(l—e)Red (1 —e)R(1—e)
respectively.

There is also a Peirce decomposition with respect to an orthogonal system
of idempotents {ey, e, ..., €, } where e; +.... + e, = 1 and e;e; = 0 for i # j,
which is defined by R = GB” e;Re; for 1 <1i,j <n.

Definition [28] Given a group ring RG and a finite subset X of the group
G, X is defined as the following element in RG

X=3uz

zeX

Lemma 4.6. [10] Let G be a finite group and R a commutative ring such
that char(R) ) |G|. Then eq = |G|™'G is a central idempotent in RG.
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Proof. €% = |G|7'G|G|'G

= |G|72 2", g:G where |G| = n

= |G|723r, G = |GG = |G YGIG = |G]7'G = eq.

It can be shown that eq is central in RG by showing that it commutes
with all elements of G as elements of R are central in the group ring. We

check how ¢ conjugates eg.

et = geqg ' = g|G|7'Gg = |Gl g(gi + g2+ o+ gn)g!
= |G g1+ go+ ...+ gn) = eq

Thus eg commutes with all elements of GG, and is central in RG.

Corollary 4.7. Let G be a finite group with H < G and let R be a commu-
tative ring such that char(R) does not divide |H|. Then ey = |H|"'H is a

central idempotent in F'G.

Proof. By the previous lemma, % = ey. It can be shown that ey is central
in R by showing that it commutes with all elements of GG as elements of R are
central in the group ring. We check how g conjugates ey. Note that because
H is normal in G that ghg™' is an element of H. The map v, (where 1),(h)
= ghg~') is an inner automorphism of H and so it permutes the elements of

H. Thus we get the following:

¢l = geng ™t = glH| " Hg ' = [H|[ " g(ha+ ho + oo+ ha)g ™! = [H|" by +

ho + ...+ hy) = ep.

Thus ey commutes with all elements of G, and is central in RG.

Definition [28] The ring homomorphism e:RG — R given by €( ) a,9) =
geG

> ag is called the augmentation mapping of RG and its kernel, denoted by

geG
A(G) is called the augmentation ideal of RG.

Lemma 4.8. |A(G)| = |RG|/|R|.

Proof. € is a ring homomorphism from RG onto R
Then by the first isomorphism theorem for rings, RG/ker(e) ~ R
= |RG|/|ker(e)| = |R| = [RG|/|R| = [ker(e)| = [RG|/|R| = |A(G)].
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Definition [28] Let X be a subset of a group ring RG. The left annihilator
of X is the set
Anny(X) = {a € RG|lax =0,Vx € X}.

Similarly, the right annihilator is defined as
Ann,(X) = {a € RG|za =0,Vz € X}.

Definition For a subgroup H < G, denote by A(G, H) the left ideal of RG
generated by the set {h — 1: h € H}. That is,

AG, H) = {z an(h—1): ap € RG}.

heH

Definition [28] Given an element v = ) a,g we define the support of a to

geG
be supp(a) = {g € G : a4 # 0}.

Lemma 4.9. [28] Let H be a subgroup of a group G and let R be a commu-
tative ring. Then Anny(AN(G, H)) # 0 if and only if H is finite. In this case,
we have

Anny(A(G, H)) = RG.H.

Furthermore, if H < G, then the element H is central in RG and we have
Anny(A(G, H)) = Ann, (MG, H)) = H.RG

Proof. Assume that Ann(A(G,H)) # 0 and choose a = ) az9 # 0 in
geG
Anny(A(G, H)). For each element h € H we have that a(h — 1) = 0, hence

ah = «. That is,
a= Y a,9= Y, azgh.

geG geG
Take gy € supp(a). Then a4 # 0, so the equation above shows that goh

€ supp(a) for all h € H. Since supp(«) is finite, then H must be finite.
Now for gy € supp(«) then the coefficient of every element of the form goh
is equal to the coefficient of gg and so we can write

a = agogOI:I + aglglff + ... + agtgtf;l = BH, 8 € RG.
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This shows that, if H is finite, then Ann,(A(G, H)) € RG.H. The reverse
inclusion follows trivially, since Hh = H implies that H (h—1) = 0 for all
h e H. Thus Ann;(A(G, H)) = RG.H.

If H <« G, then by Corollary 4.7, the element ey is central in RG, and so H
is central in RG and so RG.H = H.RG and the result follows.

Corollary 4.10. Let G be a finite group. Then
Anny(A(G)) = RG.G = RG.

Proof. This is a consequence of taking H = G in the above Lemma.

Definition [28] Let R be a ring. An abelian group M (written additively)
is called a (left) R — module if for each element a € R and each m € M we
have a product am € M such that:

(i) (a + b)m = am + ab,

(i) a(my + mg) = amy + ams,

(iii) a(bm) = (ab)m,

(iv) Im = m,

for all a,b € R and m, my, mo € M.

Definition [28] Let M be an R — module. A nonempty subset N C M is
called a R — submodule of M if the following conditions hold:

(i) For all z,y € N we have x +y € M.

(ii) For all » € R and all n € N, we have that rn € N.

A nonzero module which contains no proper submodules is called simple.

Example 4.11. Let L be a (left) ideal of a group algebra FG. Since the
(left) product of elements of FG by elements of L is in L, it follows that L
can be regarded as a (left) FG — module.

Theorem 4.12. /28] Let R = L1 ® Ly @ ... ® Ly be a decomposition of a
semisimple ring R as a direct sum of minimal left ideals. Then every simple

R —module is isomorphic to one of the ideals L; in the given decomposition.
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Lemma 4.13. [10] Let F be a field and let H <« G. If |H| is invertible in
F then we have FG ~ FGeyg & FG(1 — ey) where FGey ~ F(G/H) and
FG(1—eg) ~ A(G,H).

Corollary 4.14. Let G be a finite group and F a field such that char(F)
does not divide |G|. Then FG ~ F & A(G). Also, ' appears at least once

in the Wedderburn decomposition.

Proof. By taking H = G in the above Lemma, we get FG ~ F(G/G) &
A(G,G) and so FFG ~ F & A(G). Thus F appears at least once in a
decomposition of F'G where char(F') does not divide |G]|.

But we have seen that when char(F) does not divide |G|, that there is an
Artin-Wedderburn decomposition. Thus FG ~ F & A(G) ~ L1 ® Ly®...H L,
where L; is a minimal left ideal.

By Theorem 4.12, every simple F'G —module is isomorphic to one of the ideals
L; in the given decomposition. We now show that F'is a simple F'G —module.
First of all, F' ~ F'Geg and so is the principal ideal generated by the element
eq. As in Example 4.11 each ideal of FG is an F'G — module and so F is an
FG — module. We now show that it is simple.

Assume that M C F and that M is an F'G — submodule of F' and that M #
{0}. All of the non-zero elements of F' are invertible in F' and so M contains
an invertible element of F'. Let a € M be such an invertible element. Then 1
=atac M. Thenz.l1€ MV axcF,andso M = F. Thus F has no proper
FG — submodules and so F' is a simple F'G — module and is isomorphic to
one of the ideals L; in the decomposition L @ Lo & ... ® Ly by Theorem 4.12.
That is, the field F' appears at least once in the Wedderburn decomposition.

Example 4.15. FyCy = {0,1,2,1 + 2}, |FoCy| =22 = 4. |Cy| = 2.

By Lemma 4.2, 2 divides |U| and |U| < 4, so |[U| = 2. Thus U = {l,z} ~
Cs.

There is no Artin- Wedderburn decomposition by Corollary 4.5.

Lemma 4.16. FyC3 ~ Fy @ Fo.
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Proof. G is finite. char(F) = 2, |G| = 3 and 2 [ 3 so Maschke’s Theorem
applies.

By Corollary 4.14, F5 appears at least once as a summand in the decompo-
sition, so there are two possible decompositions, o & Fy & Fy and Fy @ Foo.
If FoC3 ~TFy @ Fy @ Fy, then U(Fy @ Fy @ Fy) ~ Cy x Cy x Cy ~ € which
is not possible because C'3 must be a subgroup of the unit group.

Thus FyC3 ~ Fy @ Foe. U(Fy @ Fp2) ~ € x O3 ~ (.

Definition The subgroup of units of augmentation 1 in U(RG) is called
V(RG) or just V.
That is V(RG) = {u € U(RG)|e(u) = 1}.

Lemma 4.17. 28] U(FG) =V x F*
Lemma 4.18. U(F3C3) = C2 x C,.

Proof. |F3Cs3| = 3% = 27. |C3| = 3.

By working out which of the elements of augmentation 1 are units, the order
and structure of V' and hence of U will be determined. The elements of
augmentation 1 are {1,x, 22,2 + 2,2 + 222 2z + 222, 1 + o + 22%,1 + 22 +
2?2+ x + 2%}

Clearly, {1, z, 2%} are all units.

(2422)? = (2+21)(2+22) =4+4r+ 4o +42? =1+ 20+ 2% =
(242x)3 = (1 4+ 22 + 2% (2 + 22) = 2 + 22 + 4o + 42% + 222 + 2(1) = 1.
Thus (2 + 2z) is a unit of order 3 and its inverse (1 + 2z + z?) is also a unit.
(24222 = (2+22?) (24 22%) =4+ 42 +4? + 42t = 1+ 22° + 2 =
(242x%)3 = (1 + 222 + 2)(2 + 22?) = 2+ 222 + 22 + 2(1) + 42% + 42 = 1.
Thus (2 + 22?) is a unit of order 3 and its inverse (1 + 222+ z) is also a unit.
(22 +22%)? = (22 +22%) (20 + 22%) = 42* + 4(1) +4(1) + 4z = 2?4+ 242 =
(2x+2x2)% = (22 + 2+ 2) (22 + 22?%) = 4o+ 42? + 222 + 2(1) + 2(1) + 22 = 1.
Thus (22 + 22?) is a unit of order 3 and its inverse (2 + 2+ z) is also a unit.
Thus all 9 elements of augmentation 1 are units and so |V| = 9. There are

two possible abelian groups of order 9, Cy and C3.
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Cy has exactly two elements of order 3. However, we have shown that V has
8 elements of order 3, so V % Cy and thus V ~ C2.

So U ~ C% x Oy, |U| = 18 and Aut(U) ~ GLy(F3) by Lemma 2.18.
Finally, F3C'3 does not decompose by Corollary 4.5.

Example 4.19. FoC5. |FG| = 2° = 32.

|G| = 5, char(F) = 2 and 2 [ 5 so Maschke’s Theorem applies.

By Corollary 4.14, Fy appears at least once as a summand in the decompo-
sition.

Thus the possible decompositions are By @ Foa, Fo @ Fy @ Fos, Fo b [y
D Fy @ Foo, Fy @ Foo @ Fo2, Fy @ Fy @ Fy @ Fy @ Fy, or Fy & My(Fy).
The unit groups of these decompositions have orders 15, 7, 3, 9, 1 and 6 re-
spectively, but since Cs must be a subgroup of the unit group, the only possible

decomposition is the first one, Fy @ Faa.
Thus U(FyCs) ~ Ci5 ~ C5 x Cs. Aut(U) ~ Cy x Cy by Lemma 2.1.

Lemma 4.20. U(Fy:Cy) ~ C2 x Cs.

Proof. To form a field with p" elements, it is necessary to find an irreducible
polynomial p(x) of degree n, with coefficients in IF,,. Then F» >~ F,[z]/(p(z)).
Thus to form Fy2 we need to find an irreducible polynomial p(x) of degree 2
over Iy, that is, a polynomial of degree 2 without any roots in [Fs.

The possible polynomials are p;(z) = 22, po(x) = 1 + 22, p3(z) =  + 2% and
pa(z) =14z + 2%

However p1(0) = 0, p2(1) =0, p3(0) = 0 and so these are not irreducible. In
contrast, there are no roots of py(x) in Fy, i.e. no solutions of 1+ + 2% =0

in Fy, so it is irreducible. We will call this polynomial p(z).

Now p(z) has a root in the field extension Fa[z]/(p(x)). Let a be this
root. Then 1 +a+a?> =0 = a®> = -1 —-a = a*> = 1+ a. Thus every
polynomial in Fy[x]/(p(z)) is a polynomial of degree at most 1.

The 4 polynomials, {0,1,a,1+ a} are the elements of Fae.

Looking at Fy2C5 and labelling the elements of Cy as {1,y}, the 16 ele-
ments of the groupring Fy2C5 can be written as {0,y,ay,y +ay, 1,1 +y, 1+
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ay, 1 +y+ay,a,a+y,a+ay,a+y+ay,1+a,l+a+ay,l+a+y+ay}.
U~V x F* where V is the group of units of augmentation 1. The elements

of augmentation 1 are {1,y,a + vy + ay,1 + a + ay}.

Clearly both 1 and y are units as they are elements of C5.
(a+y+ay)?=a*+y*+a*y>=(1+a)+1+(1+a)l =1andso a+y+ay
is a unit of order 2.

(14+a+ay)?=1*+a*+d** =14+ (1+a)+(1+a)l =1sol+a+ayis

also a unit of order 2.

Thus V has 4 elements with at least two of order 2, so V ~ C3.
UxV x F*=U~C2x Cs. |U|=12.

Aut(U) ~ Aut(C3) x Aut(C3) ~ Dg x Cy =~ Dyy. |Aut(U)| = 12.
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Lemma 4.21. [10] Let R be a commutative ring and let G, H be groups.
Then R(G x H) ~ (RG)H (the group ring of H over the ring RG ).
Proof. Let f : (RG)H — R(GxH) bedefined by > (> agg)h— > aggh.

heH geG gheGH
We show that this is a ring homomorphism.

Let o = > (D agrg)h and = > (D bgrg)h € (RG)H.

heH geG heH geG

Then f(a) + f(B) = > aggh+ > bpmgh = > (ag + bg)gh.
gheGH gheGH gheGH

a+B= 3 (2 amg)h + > (32 bgng)h = > (3 (agn + bgn)g)h.

heH geG heH geG heH geG
Thus f(a+B)= > (agn +be)gh = f(a)+f(B).

gheGH
af= > (2 aghlg)hl > (X bghzg)h2 = > (X aghlg)(z bgh29>h1h2
hi€H geG ho€H geG hi,ho€H geG geG

= Z[ Z (Zaghlg)(eszghzg)]UZZ{ Z ( Z a91hlbgzhzglg2)]v

vEH hiho=v geG veEH hiho=v g¢1,92€G

:Z[ Z (Z Z a91h1b92h2u)]v

vEH hiho=v ueG g192=u

= Z [Z ( Z Z a’glhlb92h2u)]v'

veEH u€G hihs=v gi192=u

Thus f(aB)= > [ > Qg Dgyny [0V

w€eGH g1g2h1ha=uv

Now f(a/)f(ﬁ) = Z aghgh z bghgh = Z a91h1b92h291h192h2

gheGH gheGH g1hi1,92ho€GH

= E [ Z &g1hlbgzh2]k

kEGH gihigaho=k
Because G commutes with H, k = g1h1g2ha = g1g2h1he = uv and so f(af)=f(a) f(B).
Thus f is a ring homomorphism. In fact f is a monomorphism, because if
f(a) =0, then > agpgh=0=a,; =0VgheGH = a=0.

gheGH
Also f is an epimorphism, because fory € R(GX H), v = Y. aggh, there
gheGH
is an element v = > (D agng)h € RG(H) such that f(a) = 7.
heH geG

Thus f is an isomorphism, and R(G x H) ~ (RG)H.

Lemma 4.22. [10] Let {R;}icr be a family of rings and let R = @,.; R;.
Then, for any group G, RG ~ (P,.; Ri)G ~ @D, (R:G) as rings.
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Proof. Let [ : RG — @,.;(R;G) be defined by > agg +— > > ai,g, where

geG i€l geG
a; € Rand a;y € R;. Let o = ) agg and = ) byg € RG.
geG geG
Then o + = ) agg + > byg = Z(ag+b9)g-
geG geG geG
So fla+ B) = Z(aig + big)g-
i€l geG
Now f(a) = > > aizg and f(B) = >_ > biyg.
i€l geG i€l geG
So f(a) + f(B) =21 Qig + > big]g => Z(aig +bi9)9 = fla + B).
i€l geG geqG i€l geG
O‘B = Z %92 bgg = Z aglbgzgng - Z C U where Cy= Z aglbgz‘
geG geG 91,92€G ueG g192=u
Thus af = >, > agbg,u
ueG gi1g2=u

faB) =22 221 22 aigbig,Ju.

i€l ueG gi1g2=u

() f(B) = 20 2 aiggd. > bigg

i€l geG i€l geG
Because multiplication is done componentwise over the summands R;,

fla)f(B)= Z(Zazggzbwg) =>( > aigbig9192)

i€l geG i€l g1,92€G

=>_(2_ cv) (Where ¢, = Y7 aigbig,) = > 3 [ X2 aigbigy|v

i€l veG g1g2=v 1€lveG gi1ga=v
But u=g192o =v = f(a)f(8) = f(ap) so f is a ring homormorphism.
f is a monomorphism, because if f(a) = 0, then > > a9 = 0 = a;9 =

i€l geG
O0Vge G = ay,=0= a=0. fisan epimorphism, because for all v €

B,/ (RiG), v =3 > Gigg, there is an element a = ) ay,9 € RG such that

i€l geG gelG

f(a) = ~. Thus f is an isomorphism, and RG ~ ,.,;(R;:G).

Example 4.23. FyCq. 2|6 so Maschke’s Theorem does not apply.

However, by Lemma 4.21, FoCg =~ Fo(C3 x Cy) =~ (FoC3)Co =~ (Fy & Fs2)Cy.
By Lemma 4.22, (Fy & Fa2)Cy ~ FoCy & Fp2Cs.

Thus U(FyCs) ~ U(FoCq) x U(Fp2Cy). By Lemma 4.20 U(Fp2Ch) ~ C3 x
Cs, so U(FyCg) = Cy x O3 x C3 ~ O x Cs.

|U| = 24. From direct calculations, it can be shown that the 24 elements of

73



the unit group and their orders are:

element order

1+ +a°
T+ 22+ 2°
1+z+2t
1+2%+ 28

T+ 2® + 2?

22+ 2t + 2

14+ 224 2°

1+ 2+ 28

T+ 2%+ 2t
22+ 2% + b

1+ 2+ 2
x+ xt 4+ 2°

14+ x+224+ 2%+ 24
1+z+ 22+ 2%+ 25
l+z+a2?+ 2t +2°
1+ 2+ 23+ 2% + 25
1+ 224234 2% + b
o e S e S T

(DD O [ DD (DD DD O DO ||| DLW ||| D=

Aut(U) = Aut(C3) x Aut(Cs) ~ GL3(Fy) x Cy. Hence |Aut(U)| = 336.

Lemma 4.24. Forp # 2, F,:Cy ~ @?:1 F,r. The unit group of FxCo ~
2.

Proof. p f 2 so Maschke’s Theorem applies, and F,» must appear as a sum-
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mand at least once in the Artin-Wedderburn decomposition.
Thus F,xCy ~ Fx @ Fpx, because the group algebra has dimension 2.
It follows that the unit group is isomorphic to Cx_1 x Cpe_;.

Lemma 4.25. For p # 2, FiCy ~ @12:1 Foe. The unit group of FuCy ~
C?

pF—1
Proof. We proceed by induction. By Lemma 4.24 F«Cj ~ @il F . so it
is true for n = 1.

Assume that it is true for n = m. That is F:C3" ~ @2m IF,x

Now we test for n = m + 1.

FrCo 1~ F o (CF x Cy) =~ (F e Ci)Cy (by Lemma 4.21)
= (@12:1 Fe)Cy @3:1 F,«Cs (by Lemma 4.22)

27n+1

~ @, @?:1 Fpr = @iny Fpr.
It follows that the unit group is C;:fl
Example 4.26. F;Cy ~ Fi; & Fi7 and U(F7Cy) ~ C%.
Example 4.27. F3:Cy ~ Fy2 ® F2 and U(F5:Cy) ~ CZ.
Example 4.28. F3.C3 ~ @ Fyu ~ @, Fy: and U(F5C3) ~ C5,.

Lemma 4.29. /28] For a finite group algebra FG with m € F, the number

of elements of augmentation m is equal to |F|IG1=1,

Proof. Let € be the usual augmentation map. Let |F| = p*.
Let A, = {a € FGle(a) =m}. and A1 = {5 € FGle(B) = m + 1}.
Consider the map f : A,, = A,,41 defined by f(a) — a+ 1. Clearly f is

bijective. Thus A,, and A,,,; have the same order.

The map f can be applied to each A,, in turn and we will have |Ag| = |A;|
= = |Aye_1| so all the sets have the same order.
Thus the sets A,, partition the group algebra. Since there are p* of them,

G|
the order of each set is |F| = |F|l¢-L,
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Lemma 4.30. For a group algebra FG, |U| < |F|I¢! - |F|IGI=1,
That is |U| < |FI€I=Y(|F| - 1).

Proof. By Lemma 4.29 |AG| = |F|/~! and these elements are all annihi-
lated by G, so that none of the elements of AG are units and thus |U] <
7|l - |-t

Lemma 4.31. [9] U(F,:C') ~ Cpr" =l Chi_1.
Example 4.32. [9] U(F:C%) ~ 022(2271) X Coa_y =~ C% x C3 by Lemma 4.31.
Example 4.33. [9] U(F3C%) ~ 05(32_1) X Cyi_1 =~ C5 x Cy by Lemma 4.31.

Example 4.34. U(FyuCy) ~ CL@ Y % Cpuy ~ O x Cis. |U| = 16.15 =
240.
Note that |FouCo| = 256. Since |A(G)| = 16, all of the elements of the group

algebra are units except for the elements of A(G).
Theorem 4.35. Every element of a field of order q satisfies a? = a.

Proof. The non-zero elements in a field of order ¢ form a group of order ¢ —1
under multiplication, so by Lagrange’s Theorem, a?~! = 1 for any non-zero
a in the field. Then a? = a. But 0¢ = 0 also so it holds for all of the elements
of the field.

Lemma 4.36. For a group algebra ForC, with p a Mersenne prime such that
p=(26)" =1 for some n € Z, U(FyuC,) ~ CI for some m € Z.

Proof. Let a= (ayzt + az? + ... + aya?) € FyuC, with a; € For.
Then ()" [( 2" 4 (a22)?" + . 4 (ap2?)?]

By Theorem 4.35, every element of a field of order p* satisfies a?" =a. As a

Irect consequence we get a* = a? )22y —
di gkn 2F\2F\2 2

-
n times

Also, as p = (25)" — 1, then (%)% ~! = 1 because all non identity elements
of the group have order p = (2%)* — 1. Thus (z/)?" = 2/ V 4.
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Thus [a2™ (') + a3 (22)2" + ...+ a2 (2P)?"] = (a12' + apa® + ...+ ayz?).

In other words we have ()" = .

This means that « is either a zero divisor, or is a unit of order dividing
(2¥)" — 1. Thus all units have order dividing p and as p is a prime, all non
identity elements of the unit group have order p and so the unit group must

be elementary abelian of structure C7" for some m € Z.

Example 4.37. [9] In FoC5 we have 22 — 1 = 3.
Thus by Lemma 4.36, U(FyCs) ~ CY* and in fact must be C3 because CF'

with m > 2 has too many elements.

Example 4.38. [9] In F2C7 we have 22 — 1 =T1.

Thus by Lemma 4.36, U(FoCy) ~ C'. By Lemma 4.30 |U| < 64, and so by
order considerations m =1 or m = 2.

If m =1 then the only elements of order 7 are the group elements. One other
element is (1+x+x?*) which has inverse (1+x*+x*+2° +2°%). Thus m = 2,

and U(FyCy) ~ C2.

Lemma 4.39. For a group algebra F i C,,, with m € N such that m|(p*)" —1
for some n € Z, then U(F,xCy,) is an abelian group of exponent m.

Proof. Let o = (a12' 4 apx® + ... + a,,2™) with a; € F.

Then (a)?*" = [(a12)?"" +(az2?)?"" +...+(apa?)?"] = [a?
a2y,

By Theorem 4.35, every element of a field of order p* satisfies a?" = a and

so a?" = ((((ap’“)p’“)fk) ........ L

Because m|(p*)™ — 1, then (z/)**"~' = 1 as all elements of the group have
order dividing (p*)" — 1. Thus (z/)*"" = 2 V i.

Thus [ ()P +a " (220" +...+ a2 (2] = (a2 + as2® + ...+ apa™).

n

()" +ab " (22" 4

In other words we have (a)?"" = a.

Thus « is either a zero divisor, or is a unit of order dividing (p*)" — 1 = m.

Thus all units have order dividing m. Furthermore, because C,, is contained
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in the unit group, there is at least one element of order m and so the expo-
nent of the unit group is m. Finally, the unit group must be abelian because

the group algebra is commutative.

Example 4.40. In F3Cs we have 32 — 1 = 8. By Lemma 4.39, U(F3Cs)
must have exponent 8.

This greatly reduces the number of possible Artin-Wedderburn decomposi-
tions.

Clearly 3 is a summand by Corollary 4.14.

Also F32 is a possible summand because the unit group is Cg which has expo-
nent 8.

Howewver, because the unit group of a field of order p* is cyclic of order p* —1
such a cyclic group would contain at least one element of order p*—1. Thus all
summands of the form Fsm with m > 3 can be ruled out since the unit groups
of such summands would necessarily contain elements with order greater than
8. Thus the only possible summands are F3 and [Fs2.

This means that the only possible decompositions of F3Cy are @?:1 F; @ Fj2
or @?:1 Fs @ @?:1 Fs2 or @?:1 Fs @ @?:1 F.

Definition For a group ring RG define {A(G)+ 1} to be the set of elements

of augmentation 1.

Lemma 4.41. The set {\(G)+ 1} forms a semigroup under multiplication.

Proof. We check the 3 semigroup axioms.

(1) The multiplicative identity 1 € {A(G) + 1}.

(2) Let a, B € {A(G) +1}. Then e(a) = €(8) = 1. As € is a ring homomor-
phism, then e(af) = e(a).€(8) = 1.1 = 1, and so {A(G) + 1} is closed under
multiplication.

(3) The set {A(G) + 1} inherits associativity from the ring RG.

Thus {A(G) + 1} is a semigroup.

Corollary 4.42. The set {\(G) + 1} forms a group under multiplication if
and only if the set {A(G) + 1} contains only invertible elements.
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Proof. Let {A(G)+1} contain only invertible elements and let o € {A(G) +
1}.
Then e(aa™) = €(1) = 1 = €(a).c(a™) = l.e(a™) = e(a™!) = 1. Thus

{A(G) 4 1} is closed under inverses and so forms a group.

If {A(G) + 1} contains a non-invertible element, then clearly {A(G) + 1}

does not form a group.

There are many group rings which contain non-invertible elements of

augmentation 1, for example FyCj.

Example 4.43. [9] F3C3. Let Fy = {0,1} and C3 = {1,z,2*}. There are
4 elements of aumentation 1, {1,x,2% 1+ x + 2*}. The element 1 + = + 2?
= G annihilates all elements of A(G) and so is a zero divisor and therefore

not invertible. Thus {A(G) + 1} is not a group within FoCs.

Lemma 4.44. FyC's is the smallest group ring which contains a non-invertible

element of augmentation 1.

Proof. We check all possible smaller group rings.

In any group ring of the form I, C'; there is only one element of augmentation
1, the group element 1, which clearly forms a group.

In FyCs5 there are two elements of augmentation 1, the two elements of Cj,

which clearly form a group.

Example 4.45. [9] F3C5. This is a 5 dimensional vector space over Fz. 3
does not divide 5 so Maschke’s Theorem applies and F3 must appear as a
summand in the decomposition. U(F3) = Cy but Cy does not contain Cs, so
there must be a different summand in the decomposition.

U(Fs2) = Cs which does not contain Cs.

U(F33) = Cos which does not contain Cs.

It cannot be My(F3) as that would give a non-commutative group algebra.
The only remaining possible summand is Fza and its unit group is Cgy which
contains Cs.

So the decomposition must be s & 31 which gives the 5 dimensions.
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The unit group is therefore Cy x Cgy.

There are 3% = 243 elements in the group algebra. Thus there are 243 - 160 =
83 elements which are not units. There are 81 elements in A(G), 80 of which
are zero divisors (as they are annihilated by G ) and the element zero. Thus
there are two more zero divisors which do not have augmentation 0. These
two elements are G = (1+x+a2+2°+2*) and 2G = (24 2+ 22>+ 223+ 22%)

which have augmentation 2 and 1 respectively.

Example 4.46. F;C5. This is a 3 dimensional vector space over F;. 7 does
not divide 3 so Maschke’s Theorem applies and 7 must appear as a summand
in the decomposition. Thus the only possible decompositions are @?:1 F; or
F; @& Fr2. Checking whether the unit group of such decompositions could
contain Cs we see that both could. U(@)_,F7) = C3 and U(F; & Fp) = Cs
X Cyg.

Now U ~ V x F*, so for the first decomposition we have V =~ CZ and
for the second decomposition we have V. ~ Cys. There are 49 elements of
augmentation 1, so if there are at least two zero divisors in this set, then |V|
< 48. The obvious candidates for these zero divisors are multiples of G =
1 + z + 2® which have augmentation 1. Now |G| = 3, and 37! = 5 in F*.
Consider 5+ 5z + 52?2 € {A(G) + 1}.

(5 + 5z + 5x?)(1+ 6x) =5+ 5z + 5% + 30z + 302* + 30 = 35 + 35z + 35z?
=0.

Also (1 + 3z + 42°%) € {A(G) + 1} and (1 + 3z + 42%)(1 + 22 + 42?) =
1+ 2z + 42% + 3z + 622 + 12 + 42” + 8 + 162 = 21 + 21z + 142 = 0.

Thus there are at least 2 zero divisors of augmentation 1 and so |V| < 48
and so V. ~ CZ. Thus the decomposition is @?:1F7 and the unit group is
Cg.

Example 4.47. [9] F3C,. Maschke’s Theorem applies so Fs3 is a summand.
However, the decomposition cannot be @?:1 F3 as Cy is not a subgroup of

U(F3) = Cy. Also Fss cannot be the only other summand as Cy is not a
subgroup of U(F3s) = Coyg.
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Thus 32 must be a summand and so the decomposition is @?:ng P Fao.

The unit group is therefore C3 x Cs.

Example 4.48. [9] F3Cs. Maschke’s theorem does not apply. However,
Lemma  4.21 does and so we have F3Cs ~ F3(Cy x C3) ~ (F3C%)C3 ~
(D2, Fy)Cs.

By Lemma 4.22, (@?:115‘3)03 ~ F3C3 & F3Cs.

The unit group of F3C3 is C2 x Cy by Lemma 4.18 = U(F3Cs) ~ C§ x
Cs3.

Aut(U) = GL4(F3) x GLo(TFy).

Example 4.49. F3C7. Maschke’s Theorem applies so F3 is a summand.
However, the decomposition cannot be @Zzlng as Cr is not a subgroup of
U(F3) = Cy. F32 cannot be the only other summand as C7 is not a subgroup
of U(F32) = Cs. Also Fss cannot be the only other summand as C; is not a
subgroup of U(F3s) = Cag. Similarly Fsa cannot be the only other summand
as Cr 1s not a subgroup of U(Fz1) = Cgy. By the same rationale Fss cannot
be the only other summand as C7 is not a subgroup of U(Fss) = Coya.

Fss must be a summand as Cy can be a subgroup of U(Fszs) = Crog.

Thus the decomposition is F3 @ Fzs. The unit group is therefore Cy X Clhog.

We now give a brief example of a non-commutative group algebra, where
the group is non-abelian, and find the unit group by determining which

elements are zero-divisors, which are units and the order of the units.

Example 4.50. FyDg. Let Dg = {1, 2, 2% xy, 2%y, y}.
Maschke does not apply. |FyDg| = 25 = 64.

D¢ < U(FG) = 6 divides |U(FQG)|.

The 32 elements of A(G) are annihilated by G, so the possible order of
the unit group is 6, 12, 18, 24 or 30.

Dg is a subgroup of U so U is non-abelian.

AlsoU 2~V x F* ~V x C; =V ~U.

The 32 elements of augmentation 1 are as follows:
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1, z, 2%, zy, 2%y, y (the 6 group elements).

l+x+23 1+x+ay, 1+ +2%y, 1+ o+y, o+ 22 +ay, v +2° + 22y, 1+ 22 +
xy, 1+22+22y, 1+ 22 +y, 1+ oy + 22y, 1+ay+y, 1+22y+y, o+ 22 +y, o+ay+
22y, x+ay+y, x+aiy+y, 2 oy +ady, 2oy +y, 22+ 2ty +y, oy a2ty +y
(20 trinomials).

l+e+22+ytay,l+ao+a2+y+a?y,l+o+22+ay+a2%1+0+
y+axy + 22y, 1+ 22 +y+ay + 2%y, v + 22 +y + 2y + 22y (6 5-nomials).

Clearly the 6 group elements are all units. However, of the other 26 elements,
it can be shown that the 20 trinomials are all zerodivisors. That leaves 12

elements. That leaves the 6 5-nomials. Are these 5-nomials units?

By multipying them by themselves it can be shown that they are in fact units
with the following orders.

1+ 2+ 22+ y+ 2y has order 2

1+ + 2% + y + 2%y has order 2

1+ 2+ 2%+ 2y + 2% has order 2

1+ +y+ 2y + 2%y has order 6

1+ 22 + y + zy + 2%y has order 6

r+ 2% +y + xy + 2%y has order 2.

Thus there are 12 elements in the unit group, 2 elements of order 6, 2 ele-
ments of order 3, 7 elements of order 2 and the identity.

The only non-abelian groups of order 12 are Ay and D15. However Ay doesn’t
have any elements of order 6.

Thus U(FyDg) ~ D;s.

Presenting D1y as < a,b,cla® = b* = 2 = 1,a® = a™*

,a¢ = a,b® =b >, we
can give an isomorphism between the two groups.

w: U(FyDg) — Dig, wix — a

wy b, wl+x+y+ay+ iy — ac
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5 U(FG) where F' has char p and G is an
abelian p — group

This Chapter begins with a look at the elements of V' - the group of nor-
malised units. Throughout the various examples and lemmas of the Chapter,
a method is developed for finding the structure of V' by counting the number
of elements of V' which divide different powers of p. The method is made
more general and thus more useful as the Chapter progresses. The conclusion
of the Chapter is a Theorem which gives the structure of V' whenever F' has

characteristic p and G is an abelian p — group.

Lemma 5.1. Let p be a prime. Let G be a direct product of n groups G;,
and let m; be the number of elements x; such that (x,-)”k = 1 (i.e elements
of order dividing p*) in G; for 0 < i < n. Then the number of elements of

order dividing p* in G is [, m.

Proof. Let G' ~ Gy x G5. There are m; elements of order dividing p* in
G4 and ms elements of order dividing p* in G. For each of the elements of
order dividing p* in G, we can form a new element of order dividing p* in
G by multiplying it by an element of order dividing p* in G5, and there are
mo ways of doing this. Because there are m; elements of order dividing p*
in G, then there are (mq)(ms) ways of getting an element of order dividing
p¥in G'.

Now by iterating this process, and getting the direct sum of G’ x G, we

see that the final number of elements of order dividing p* in G = [}, m;.

Lemma 5.2. For G = Cym, there are p* elements of order dividing p* for
k<m.

Proof. Let ¢(g) = #VgeQ.

In a cyclic group Cym, the element ¢?" " has order dividing p* and so do
all of the elements of the subgroup generated by ¢?" ", i.e. (¢?" ).

In fact this subgroup is the kernel of the homomorphism ¢. To see this,
let ¢' € ker(¢). Then (¢)*" = 1. That is ¢®" = 1. That is ip"* is a multiple
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of p™ (the order of the group). That is i is a multiple of p™~*. Thus the
subgroup generated by gpmfk is the kernel of the homomorphism.
As the generator of this kernel is of order p*, then this group has p*

elements.

Firstly, we begin by asking when is the subgroup V equal to the set of

elements of augmentation 17

Lemma 5.3. Let G be an abelian group. Then V(FG) = {A(G)+1} if and
only if G is a p — group (i.e. a group of order p® with o > 0). Morevover,

the exponent of V' equals the exponent of G in this instance.

Proof. Let the exponent of G be p".

Let |G| = m and let a = a;91 + asgs + ... + amgm € {A(G) + 1}.

Then o = (a" ¢ + a5 g5 + ...+ a” g"")
= (@ +a . 4a) = (@ agF e Fay)” = (e())" = 17" =1,

Thus « is a unit with order dividing p™. Thus by Corollary 4.42, the set

{A(G) + 1} forms a group under multiplication and since all elements have

order dividing p™, the exponent of the group divides p™. Since G < V', exp(V)

= p".

In contrast, for a finite group algebra F,«G, with G' not a p — group, then we

show that the set {A(G) 4 1} contains at least one zero divisor.

€1 €2

Let |G| = p*m where p does not divide m and let m = ¢7'q¢5*...q5* with
qi, ..., qn distinct primes and with e; > 1 and e, ...e,, > 0.

By Sylow’s Theorem, there exists a subgroup H of order ¢f*.

Then by Lemma 4.9, ﬁﬁ annihilates the elements of (AG, H) and so ﬁﬁ
is a zero divisor.

Also e H) = e(g)e(H) = g |[H| = 1 = 7 H € {A(G) 41} and so the
set contains at least one zero divisor.

Corollary 5.4. For a finite group algebra F G, with G an abelian p— group,
then |U(FxG)| = (P11 (0" - 1).
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Proof. By Lemma 4.17, U(FG) =V x F*. By Lemma 5.3,V ~ {A(G)+1}.
The order of {A(G) + 1} = (p¥)I9~! by Lemma 4.29, so we get |U(F,G)|
= [VI.IF*] = (")) (0" - 1).

Lemma 5.5. For p # 2, the group algebra F,»Cy contains exactly one zero

divisor of augmentation 1.

Proof. By Lemma 4.24 when p # 2, the unit group of F xC; ~ C}?k_l. Thus
V ~ Cpr_y and there are p* elements of augmentation 1. By Lemma 5.3,
the set {A(G)+ 1} contains at least one non-unit, and there can only be one
because all of the other elements are units as [V/| = p*. The non-unit is %C’Q

(a zero-divisor).

Definition The injective homomorphism o : Fyn — Fpn, given by a —
a? is surjective since Fp. is finite and so is an isomorphism, and thus an
automorphism. It is called the Frobenius automorphism which is denoted
by o,. Iterating o, gives 02(a) = 0,(0,(a)) = (aP?)? = a’.

Similarly o (o) = o i =0,1,2,....

Note that as a consequence of the Frobenius automorphism being surjec-
tive, we have that every element of F,» has a p'th root for all i. We use this
consequence in the examples below when counting the number of choices for
field coefficients.
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5.1 U(FG) where char(F) = 2 and G is an abelian 2 —
group

In this section, we examine the case where char(F) = 2 and G is an abelian

(but not an elementary abelian) 2-group.

Example 5.6. U(FyCy). U ~ V. |V]| = {A(G)+1}| = 128 by Lemma 5.3.
V' is an abelian group with order 128 and exponent 8. The possible groups for
V oare CZ x Cy, Cy x C%, Cg x Cy x C% and Cg x Cy. These four groups
have 7, 7, 15 and 31 elements of order 2 respectively by Lemma 5.1. Again
we count the elements of order 2 in V', to determine which of the groups it
18.
7 7
Let o = > a;x* € V with o = 1. Then o =Y a;x* = 1. Note that in F,
i=0

=0
2

a; = a;. This is because the Frobenius Automorphism fizes the elements of

the prime subfield.

a? = (ag+as)l + (a; +as)x® + (ag + ag)x* + (a3 +a7)2® = 1.

The coefficient of 1 must be 1 and the other coefficients must be zero. Count-
ing the possibilities, we see that there are 2 possibilities for each of the coef-
ficients, giving a total of 2* = 16 possible elements o such that a® = 1. One
of these elements is the identity of the group, and so there are 15 elements
of order 2. They are: %, 1+ a2? + 25 2?2 +2* + 28, 1+ +2°, v+t 4+ 25,1+
P B R L N /S LN IR IO S L B 2 TS Ly [ 2
A L I e R R R L P o O N S R L B L (o B e B L G L L
243+ ad S+ a4 2’ 4 ab 42"

Thus, U ~ Cg x Cy x C2.

Lemma 5.7. U(F.(Cy x Cy)) =~ C3™ x CF x Con_;.

Proof. U(FG) ~V x F* >~V x Con_4

GG is an abelian 2 — group and by Lemma 5.3 the group of normalised units
V has order equal to [{1 + A(G)}| and V' is an abelian group of exponent 4
(the exponent of G).
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Thus |[V] = (27)" = 2™ and V ~ C§ x C}.
We now count the number of units of order dividing 2 in V.
Let a = ag(1) + a1 (z) + ao(x?) + az(z?) + as(y) + as(xy) + ag(2y) + a7 (x®y)
€V witha? =1, a; € Fan
Then o? = (a0)*(1) + (a1)*(2?) + (a2)*(1) + (a3)*(2?) + (a4)*(1) + (a5)*(2?) +
(a6)*(1) + (a7)*(2?)
= [(a0)® + (a2)® + (a1)* + (as)?|1 + [(a1)® + (a3)® + (a5)* + (a7)?]2* = L.
Thus the coefficient of 15 must be 17 and the coefficient of z? must be 0.
Because there are 2" elements in Fon, there are 2" ways in which each of
the coefficients ag, as, as can occur and this determines what ag must be
giving (2")3 = 23" possibilities for the coefficient of 1. Similarly there are
23" possibilities for the coefficient of x?, giving a total of (23")(23") = 26n
different elements « in V' such that a? = 1.
One of these elements is the identity, so there are 2°* — 1 elements of order
2in V.
Recall that |V| = 2™ and V ~ C¢ x C%. Thus

(1) @+ 2b = Tn by considering the order of V.
But because of the number of elements of order 2, there must be a direct
product of 6n groups, and so we have that

(2) a+b = 6n.
Subtracting (2) from (1) we get that b = n, and it follows that a = 5n.
Thus V ~ C5" x C} and so U ~ C3" x C} x Can_;.

Lemma 5.8. U(F2n04) ~ Cg X CZ X CQn,l.

Proof. U(FG) ~V x F* >~V x Con_4

G is a 2 — group and by Lemma 5.3 the group of normalised units V' has
order equal to |[{1+ A(G)}| and V is an abelian group of exponent 4 (the
exponent of G).

Thus |[V] = (27)? = 23"and V ~ C§ x C}.

We now count the number of units of order 2 in V.

Let a = ap(1) + a1(z) + az(z?) + asz(z®) € V with o? = 1, a; € Fan

Then o® = (ao)*(1) + (a1)*(2?) + (a2)*(1) + (a3)*(2?)
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— [(a0)? + (@)1 + [(n)? + (ag)?]a® = 1.
Thus the coefficient of 14 must be 17 and the coefficient of 22 must be 0.
There are 2™ ways in which the coefficients a¢ can occur and this determines
what a, must be giving 2" possibilities for the coefficient of 1. Similarly
there are 2" possibilities for the coefficient of 2%, giving a total of (2")(2") =
22" different elements « in V such that o? = 1.
One of these elements is the identity, so there are 22" — 1 elements of order
2in V.
Recall that |V| = 23" and V ~ C$ x C%. Thus

(1) a + 2b = 3n by considering the order of V.
But because of the number of elements of order 2, there must be a direct
product of 2n groups, and so we have that

(2) a+b=2n.
Subtracting (2) from (1) we get that b = n, and it follows that a = n.
Thus V >~ C3§ x C} and so U ~ C§ x C} x Con_;.
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5.2 U(FG) where char(F) = p and G is an abelian p —
group

The techniques used in the previous section can be applied to group algebras

with characteristic p where G is a p — group but not elementary abelian.
Lemma 5.9. Let FG = F,Cpe. Then U(FG) ~ C¥™" x C%" x Gy

Proof. U(FG) ~V x F* >~V x Cp_;.
G is a p — group and by Lemma 5.3, |[V| = (p)*" ! and V ~ Cy % C’;’g, b >
1.

We now count the number of units of order p in V.

p?-1 . p*—1 ,
Let « = > a;x* € V with a? = 1. Then o = Y afz?" = 1.
=0 i=0

Now the group element becomes z?* and so the power of z is a multiple of
p and there are p of those in Cj2. We write this group element as /7 for

0 <j <p-—1, and adding up the like terms we get
af = pilpilaipﬂmjp =1
j=0i=0
p—1
The coefficients of % when j = 0 (i.e. Y. aj0) must equal 1x, and the
, p—l .i:O
coefficients of x/? for j # 0 (i.e. ) a;py;2’?) must equal Op.
For each 7, we have a different gzjgup element. For 1 (when j = 0), there
are p choices for a;,.¢ for each i # p — 1. Thus there are p?~* choices for the
coefficient of the group element 2% . Similarly there are p?~! choices for each
of the coefficients of 277 for j # 0, giving a total of p®=D®) = pr*~7 different
elements « in V such that o? = 1.
Recall that V| = (p)”" ' and V =~ C2 x Chyb> 1.
Thus
(1) a+ 2b = p*> — 1 by considering the order of V.
But because of the number of elements of order p, there must be a direct
product of p? — p groups, and so we have that

(2) a+b=p*—p.
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Subtracting (2) from (1) we get that b = p—1, and it follows that a = (p—1)2.
Thus Ve CF " x 0% and so U =~ G % O x Gy,

Now a further generalisation.

Lemma 5.10. Let FG =FnCym. The number of elements of order dividing

pF iV ois pr@m ),

Proof. To count the elements of order dividing p* in V we first count how
many elements of G are mapped to the identity under the homomorphism ¢:
G — G defined as ¢(x) = 27"

In a cyclic group Cpm, the element 27" " has order dividing p* and so do
all of the elements of the subgroup generated by =™ ", ie. (z?™ "),

In fact this subgroup is the kernel of the homomorphism ¢. To see this,
let ' € ker(¢). Then (2/)?" = 1. That is z’?* = 1. That is ip¥ is a multiple
of p™. That is i is a multiple of p™~*. Thus the subgroup generated by 2"
is the kernel of the homomorphism. So we have that (z?" ") ~ Cpr =~ ker(¢).

As the generator of this kernel is of order p*, then this group has p*
elements. The quotient group of this homomorphism has order p™*.

Thus the image group H = ¢(G) is of order p™*.

Now let a = > ang, € V such that a? = 1. Then we can write o®* with

coeflicients from F,» and group elements from the image group H = ¢(G).

Labelling the elements of the image group H as g1, go, ...... , 9jG/H| Where
g1 = lg, and relabelling the a’s gives,
. pk pk pk pk pk pk
o = (z:l al; g1 + (Z:l ab; )ga + oo - (Z:l A ;) Gyt

Now if " = 1, then the coefficient of g; = 14 is 1r and the coefficients of
all other g; is Op.

pk
That is )| aff = 1p.

i=1

1=

We have freedom to choose p* — 1 elements of F,» but the last element will
be determined so as to give a sum of 1p .
So there are (p")?*~! choices for the coefficient of g.

-1

Similarly, there are (p”)pk choices for the coeflicient of g and each g; up
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to gym—k.

Thus we have [(p™)?" 17" " = pn@®™=2""") choices for o such that o#" = 1.

This is the number of elements of V' with order dividing p*.

Lemma 5.11. Let FG = F,uCle. Then U(FG) ~ Cpe=D" 5 cnr=

p
Co_1.

Proof. U(FG) ~V x F* >~V x Cpn_;.

G is a p— group and by Lemma 5.3, |[V| = (p")?"~! = p"®*~D and V ~ ce
X C’;’g, b> 1.

Thus (1) a + 2b = n(p? — 1) by considering the order of V.

*D = pn(#*~P) elements of order dividing p

By Lemma 5.10 there are p™®*~?
in V.
But because of the number of elements of order p, there must be a direct
product of p™® ~?) groups, and so we have that (2) a + b = n(p? — p).
That is (1) a + 2b = n(p* — 1)

and (2) a +b = n(p? — p).
Subtracting (2) from (1) we get that b = n(p? — 1) — n(p* —p) = np*> —n —
np? + pn = n(p — 1), and it follows that a = n(p — 1)%.
Thus Vo~ C]?(pfl)2 X C;Q(pfl) and so U ~ C;”‘(p*”Z X CZQ(pfl) X Cyn_y.

Example 5.12. Let FG = F5iCys. Then by Lemma 5.11 U(FG) ~ C20~’

4(5—-1
X 052( ) X Cha_y ~ C8 x C6 x Ceoy.

Example 5.13. Let FG = Fp2Cy. Then by Lemma 5.11 U(FG) ~ 022(2*1)2
X 02225271) X Cy_y ~ C2 x C} x C3 which is the same result as we got

earlier.
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Lemma 5.14. In the group G = [] Cg}, the number of elements with order

i=1
o (e S ki)

dividing p* (where 1 <k <m) is pi=t =k

(The number of elements with order dividing p* (where k = 0) is 1. The
k
id;
number of elements with order dividing p* (where k > m) is p=t = = |G]).

Proof. For 1 <i <k, the group C),: has exponent dividing p*, and so all of
the elements of Cy; have order dividing p*. Thus all of the elements of direct
products of these individual groups will have order dividing p*.

For k 4+ 1 < i < m, there are p* elements in each of these factor groups Chi
with order divicllcing p* by Lemma 5.2.

(X idit > kdi) . o
Thus we get p =t i=kt1 elements with order dividing p*.

Finally, the two trivial cases are where k = 0 or k > m.

If k=0, we get that p° = 1 (the group identity) and only the group identity
will have order dividing 1.

Second, if £ > m, then as all of the elements of the group have order dividing
p™, it follows that all of the elements of the group have order dividing p*

which completes the proof.

The following Theorem gives the order of the unit group for a group

algebra from an arbitrary abelian p — group.

m

Theorem 5.15. Let F'G be the group algebra Fyn(]] C;f) and let ¢;(g) =
i=1

@'V ged.
Then U(FG) ~ H CIZUG/ker(¢>i71)|*2n|G/k€T(¢>z’)|+n|G/k67’(¢i+1)\) x Cp”—l-
=1

Proof. By Lemma 5.3 all of the elements of {1 + AG} are units so V =
{1+ AG} and moreover the exponent of V' equals the exponent of G and so

~ TT
We work out the structure of V' by counting the number of elements in V

with order dividing p™, p™~!, ... , and p'.
First we count the number of elements of V' with order dividing p™.
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Let o € V such that o?" = 1.

m e P m
We can write « as a 3: ;- where a;j;, € Fn and :v e G=1TJ]C.
Zzljzl kz ijk ijk 21;[1 p
Now we count the number of choices for o such that o?™ = 1.
m e;
That is, such that > Z Z awk( P =1
i=1j=

The Frobenius automorphlsm o™ Fyn — Fpn defined by 0™ (a) = a*" per-
mutes the elements of F,». Thus the field element af;z is just the image of

a;j under this bijection and in particular all elements of Fy. are p™th roots.

Define the group endomorphism ¢;: G — G as ¢;(g) = ¢*'.

In this case ¢m(g) = ¢ and (zf;)P" is an element of the image. There are
|ker(¢m,)| elements g € G such that ¢,,(g) = 1. Call this kernel H.

The First Isomorphism Theorem states that the image group of a group en-
domorphism ¢,,(G) is isomorphic to the quotient group G/ker¢,, or G/H.
Labelling the elements of the image group as g1, g2, ....... , 9c/m| Where g; =

1g, then we can write
L2

L o
= (; ay; g1 + (Z:l Qi )Gz + oo + (; afG/H\i)g|G/H|'

Now if a?” = 1, then the coefficient of g; = 1r and the coefficients of all

other g; = Op.
|H|
That is Z a’ = 1p.
We have freedom to choose |H| — 1 elements of F,» but the last element will
be determined so as to give a sum of 15 .
Thus we have freedom to choose |H| — 1 elements from F,» and there are p”

|H|-1

choices for each element. So there are (p™) choices for the coefficient of

g1-

Similarly, there are (pm)HI=1

choices for the coefficient of g, and each g; up

to g|G/H|-
Thus we have [(p™)!#I=1]I&/H] choices for the a such that o?™ = 1.

So there are [(p)/ker(¢m)I=1]1G/ker(om)] — pnlGl=n|G/ker(ém)l choices for ay,.
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This is the number of elements of V' with order dividing p™.

According to Lemma 5.14 if G = [] C’g}, then the number of elements of G
=1

)

(Sidit 35 ki)
with order dividing p¥ is p =t i=F+1 |

Here we have that V = [] C]‘i", and so the number of elements of V' with
i=1

order dividing p in V is pi; i

But we have just worked out that the number of elements of V' with order
dividing p™ is pnICGI—nIG/ker(ém)l,

So we get the equlq?tion

(M) > id; = n|G| = n|G/ker(m)].

i=1

Next we count the number of elements of V' with order dividing p™~!.
Let 8 € V such that 87" ' = 1.

Define the group endomorphism ¢,,_1: G — G as ¢,,,_1(g9) =
There are |ker(¢m,—1)| elements g € G such that ¢,,—1(g)
kernel H,,,_;.

The image group of ¢,,(G) is isomorphic to the quotient group G/kere,, 1
or G/H,—1.

Labeling the elements of the image group as g1, go, -...... » 91G/H,_,| Where gy

= 1lg, then
|Hm,1| |H'mfl| ‘Hm71| m—1

m—1 m—1 m—1
ol = ( ; ai; g1+ ; Ty )g2t e+ ( 21 A6, 1 [)9IG Hm |

1=

m—1

P
1g. Call this

Now if a?" " = 1, then the coefficient of ¢; is 1p and the coefficients of all

other g; is Op.
|Hm71‘ m—1

That is Y. af, =1p.
i=1
Again we have freedom to choose |H,,—1| — 1 elements of F,» but the last

element will be determined so as to give a sum of 15 .

Thus we have freedom to choose |H,,—1| — 1 elements from F,» and there
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[Hm-11=1 choices for the

are p" choices for each element. So there are (p")
coefficient of ¢;.

Similarly, there are (p")/#m-11=1 choices for the coefficient of g, and each gj
up 0 GG/ H,, |-

Thus we have [(p™)/#m-11=1]I6/Hnl choices for the 3 such that g2 = 1.

SO there are [(pn)‘kET(¢m71)‘—1]|G/k67'(d)m71)‘ — pn|G|—n|G/ker(¢m,1)| Choices for /B

This is the number of elements of V' with order dividing p™ !

According to Lemma 5.14 the number of elements of V' with order dividing

(z idit 35 (m-vd) (S idit(m— D)
p lspl i=m _p'L—

But we have also seen that the number of elements of V' with order dividing
m—1 : n|G’\—n|G’/k’er(¢m71)\.

m—1

prlisp
So we get the equation
m—1
(M-1) S id; + (m —1)d,, = n|G| — n|G/ker(dm_1)|.
i=1

We proceed in this way, each time counting the number of elements in V
with order dividing p’ using Lemma 5.14 and also using the technique in
this proof forming simultaneous equations with variables d; until we reach
equation (1).

These equations are:

(M) Zzzlzdz’ = n|G| — n|G/ker(¢m)|

(M-1) m;_ll id: + Z( — 1)d; = n|G| — n|G/ker(dm 1)
(M-2) f id; + .m_l(m —9)d; = n|G| — n|G/ker(dm_s)|
(k) lzk:zd + %1( Vd; = n|G| — n|G/ker(¢y)|

(k-1) ; id; + ;(k — 1)d; = n|G| —n|G/ker(¢x_1)|
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m

(3) l;zdz + 23@ = n|G| — n|G/ker(¢s3)|
() ézd + igzd — n|G| — n|GJker ()|
(1) zi: 1d; + Z 1d; = n|G| —n|G/ker(¢1)].

=1

We now have m simultaneous equations in the m unknowns d; for 1 < i < m.
Solving these equations enables us to know the value of each d; and thus the
structure of V. We will have this structure in terms of the orders of the

quotient groups |G/ ker(¢;)| which are easily calculated.

To solve the equations we begin with (M) and subtract (M-1). This isolates
dp,. We get:
(M) - (M-1)

f:lzdl S ids - (m—1)dy, = 1|G|—n|G Jker(d)| - n|G|+n|G ker(ém1)|

i=1

HII

= md,, - (m — 1)d,, = n|G/ker(¢m_1)| - n|G/ker(dm)|
= d, = n|G/ker(¢m_1)| - n|G/ker(odn)|.

Next we take (M-1) and subtract (M-2). This will isolate d,,—;. We get:
(M-1) - (M-2)=

m—1 m—2 m
i=1 1=1 i=m—1

= n!G| - n|G/k€7’(¢m D) - |G|+ nlG/ker(¢m-2)|
= (m—1)dp_1 + (m—1)dp - > (m—2)d;

— n|G/ker(@m-2)| - nlG /ker (1)

= (m—1)dy—1 - (m—2)dyp—1 + (m —1)dy, - (Mm —2)d,,
= n|G/ker(¢m-2)| - n|G/ker(¢m-1)|

= dp_1 + di = n|G/ker(pm—2)| - n|G/ker(dm-1)]

But d,, = n|G/ker(¢m-1)| - n|G/ker(ém)| so we subtract this from both
sides to get:

A1 =n|G/ker(¢m_2)| - n|G/ker(pm_1)| - n|G/ker(dm—_1)| + n|G/ker(om)|
A1 = n|G/ker(¢m_2)| - 2n|G/ker(¢m_1)| + n|G/ker(pm)|.
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Proceeding in this way, we get each d; in turn.

(k) - (1):
Loidi+ 3 ki -gzd z( 1)d;

= n|G| —n|G/ker(dp)| - nIG!+n!G/7€€7’(¢k )]

ékdk%—de Z( 1)d;

—n!G/k‘er(%—l)! H\G//%?”(m)l

= Z ked; - Z( 1)d;

= n|G/k‘er(gbk 1)| - n|G/ker(op)|

= gd = n|G/ker(¢r_1)| - n|G/ker(¢x)]

But the previous equation (k+1) - (k) will be >  d; = n|G/ker(¢x)]| -
i=k+1
n|G/ker(¢ri1)]. So we subtract this from both sides and we get:
dp = n|G/ker(¢r—1)| - n|G/ker(ér)| - n|G/ker(ér)| + n|G/ker(¢ri1)]

= d, = n|G/ker(¢r_1)| - 2n|G/ker(dr)| + n|G/ker(dri1)]-

We continue this process until we get:
dy = n|G/ker(¢o)| - 2n|G/ker(é1)| + n|G/ker(¢s)].

Now we have expressed all of the d; in terms of the orders of the quotient
groups |G/ ker(¢;)|.

One last step will tidy the answer up.

We saw that d,,, = n|G/ker(¢pm-1)| - n|G/ker(dm)].

The right hand side of this equation is equal to n|G/ker(¢m-1)| - 2n|G/ker(¢m)|
+ n|G/ker(pmy1)| (since ker(¢,,) = ker(pmy1) = G because G has exponent
™).

Thus we can express d; = n|G/ker(¢;—1)| - 2n|G/ker(¢:)| + n|G/ker(dit1)]
for1 <i<m.

This completes the structure of V. Finally, U ~ V' x Cjn_1, which completes
the proof.
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Example 5.16. F5Cs,.

In this example, p = 5, n =4, m = 2,e; = 0, e5 = 1.

Now |G| = 5.

To calculate the number of copies of Cy:, we need to calculate |G /ker(¢;)| for
0<¢<3.

|ker(¢o)| = the number of elements of order dividing 5° = 1 in G.
Clearly this is only the identity element in G.
Thus |G/ker(¢o)| = 52.
|ker(¢1)| = the number of elements of order dividing 5' in G.

1 2

ie; le;

By Lemma 5.14 this is L")(ig1 2R =
Thus |G /ker(¢y)| = 5> =51,

51(0)+1(1) = 5L,

2
\ker(¢2)| = 55 _ 104201 _ 52

Thus |G/ker(¢s)| = 5272 =5° = 1.

22: iei 1(0)+2(1) 2
|ker(¢s)| = b=t = 5102 = 52,
Thus |G/ker(¢s)| = 572 =5° = 1.

Now we can compute the individual numbers of direct copies of Ci.
Recall that a; = n|G/ker(¢i—1)| - 2n|G/ker(¢;)| + n|G/ker(¢is1)]. a1 =

A4(5%) — 8(5') + 4(5%) = 100 - 40 + 4 = 6/
as = 4(5') — 8(5°) + 4(5°) = 20 - 8 + 4 = 16.

Thus V ~ C8* x C3f which is the same result as we got earlier doing it out
by a different method.

Example 5.17. F32(C3 x C24 x Css).

In this example, p = 3, n =2, m =8, e3 =2,e4 =5, eg = 1. ¢, = 0V other
T.

Now |G| = 3B@+@E+E)) — 33,

To calculate the number of copies of Cpi, we need to calculate |G /ker(¢;)| for
0<2<09.
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|ker(¢o)| = the number of elements of order dividing 3° =1 in G.
Clearly this is only the identily element in G.
Thus |G/ker(¢g)| = 334,

|ker(¢1)| = the number of elements of order dividing 3' in G.

1 8
(2 deit+ o leg)
By Lemma 5.14 this is 3i=1  i= = 31@+10G)+1(1) — 38

Thus |G /ker(¢y)| = 33178 = 3%,

2 8
|ker(¢2)| = S(iglieﬁga%i) — 322)+2(5)+2(1) — 316
Thus |G /ker(¢o)| = 371 = 315

3 8
|ker(¢3)| = 3(i§116i+i§13ei) — 33(2)+3(5)+3(1) — 324

Thus |G/ker(¢s)| = 331724 = 38.

4

8
| = S(Efﬁé%i) — 33(2)+4(5)+4(1) _ 330

|ker(da)

Thus |G/ker(¢,)| = 334730 = 34,
5 8

1e;+ 5e;

‘ker<¢5) = 3(121 7.2::6 )

Thus |G/ker(¢s)| = 334731 = 33.

— 33(2)+4(5)+5(1) _ 331

6 8
(22 deit > 6ei)
|ker(¢g)| = 3= =

Thus |G/ker(¢g)| = 334732 = 32.

— 33(2)+4(5)+6(1) _ 332

7 8
lker(n)] = 315 “TE™ _ ga@rae)+10) Z 33

Thus |G /ker(¢q)| = 334733 = 31,

|ker(¢g)| = 33" because all elements in G have order dividing 3°.
Thus |G /ker(¢g)| = 334731 =30 = 1.

|ker(gg)| = 33* because all elements in G have order dividing 3°.
Thus |G/ker(¢g)| = 33473 =3° = 1.

Now we can compute the individual numbers of direct copies of Ci.

Recall that a; = n|G/ker(¢i—1)| - 2n|G/ker(¢;)| + n|G/ker(¢ii1)].
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ay = 2(3%) — 4(32%) + 2(318) = 33353234456028200
ay = 2(3%) — 4(318) + 2(3%) = 563309404128

as = 2(318) — 4(3%) + 2(3%) = 774814896

as = 2(3%) — 4(3%) 4+ 2(3%) = 12852

as = 2(3Y) — 4(3%) +2(3%) = 72

ag = 2(3%) — 4(32) +2(3") = 24

ar = 2(32) —4(3Y) +2(3°) = 8

as = 2(3') — 4(3%) +2(3%) = 4.

Thus V ~ 053353234456028200 X O§>263309404128 X C§374814896 X 0313852 X 03752 X

24 8 4
Cis x O3 x Cgs.

Corollary 5.18. Let FG = Fy.Cy;. Then U(FG) ~ C3" x Cp x Chy %
Con_1.

Proof. We use Theorem 5.15 and the same terminology. In this case p = 2,
n=nm=3,¢e =0,e =0, e3=1.

Now |G| = 23.

To calculate the number of copies of C,:, we need to calculate |G//ker(¢;)]|
for 0 <i <4 (because 4 =m+1=3+1).

|ker(¢o)| = the number of elements of order dividing 2° = 1 in G.
Clearly this is only the identity element in G.
Thus |G/ker(go)| = 23.
|ker(¢1)| = the number of elements of order dividing 2! in G.

1 3

ie; le;

By Lemma 5.14 this is 2(1';1 & =
Thus |G/ker(¢;)| = 2371 = 22,

21(0)+1(1) — 9l

2 3
ker(gy)| = 25 TE™ Z 10420 = 92,

Thus |G/ker(gq)| = 2572 = 2L
i ie;
|ker(ps)| = 2i=1
Thus |G/ker(¢z)| = 2372 =20 = 1.

— 21(0)+2(0)+3(1) — 93
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|ker(¢4)| is also clearly = 23.
Thus |G /ker(¢s)] = 2373 =20 = 1.

Now we can compute the individual numbers of direct copies of C;.

Recall that a; = n|G/ker(¢i—1)| - 2n|G/ker(¢;)| + n|G/ker(pit1)|.

a; =n(2%) —2n(2*) + n(2') = 8n - 8n + 2n = 2n
az =n(2?) —2n(2") +n(2°) =4n-4n +n=n
az =n(2") = 2n(29 +n2°) =2n-2n+n=n

Thus U(FG) ~ C3" x Cp, x Ch x Con_y.
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6 Idempotents and the Decomposition of Semisim-

ple Group Algebras

Idempotents play a very important role in the decomposition of a group

algebra.
Lemma 6.1. There are exactly two idempotents in a field F.

Proof. 0> = 0 and 12 = 1 so these two elements of the field are idempotents.
Letec F. Ife? = eand e # 0, then e~ 'e? = ele = ¢ = 1. Thus there are
exactly two idempotents in the field F', namely 0 and 1.

Lemma 6.2. Let F'G be a finite semisimple commutative group algebra which
can be decomposed into a sum of n fields. Then the number of distinct idem-

potents in FG is 2™.

Proof. Let e = (ey, €a,..,¢,) € FG such that e* = e. Then ¢? = (e?, €3, ..,€2)

9 Cn

=e=¢ =e?Vi=12,..n, so the ¢}s are either 0 or 1. Thus there are 2"

idempotents in FG.

Lemma 6.3. [28] Let R be a ring and H < G. If |H| is invertibile in R then
letting ey = |H|™.H we have

RG ~ RG.ey ® RG(1 —eg)
where RG.ey ~ R(G/H) and RG(1 —ey) ~ A(G, H).

Example 6.4. F,Cy. Maschke’s Theorem applies so ¥y appears as a sum-
mand in the decomposition. What summands could Cy be a subgroup of ¢
U(Fy) =C5 and 9 3. U(Fys) = Cr and 9 7.

U(Fg1) = C15 and 9 f15. U(Fgs) = C31 and 9 J31.
U(Fss) = Cg3 and 9|63 so Cy could be a subgroup of this unit group.
U(]Fg?) = 0127 and 9 *127 U(FQS) = 0255 and 9 /{/255

Thus Fys must be a summand and so there are only two possible decomposi-
tions. They are @?:1 Fo @ Fos and Fy @ Fo2 & Fos.
If it is the first one, then the unit group is Cgs. If it is the second one, then
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the unit group is Cgz x Cs.

Let Cy = < x > and let H be the subgroup of Cq of order 3. Thus H ~ C}
={1,23,2%}. H =1+ 23 + 25

Now because H is normal in Cy and letting ey = ﬁ]f[ we have FyCqy ~
FyCy.ey @ FoCy.(1 —ep).

By Lemma 6.3 FoCy.eg ~ Fo(Cy/Cs) ~ FyC3. And we know that FoCs ~
Fy & Fye.

Thus FyCy.ey (which is one of the summands of the decomposition) is iso-
morphic to Fy @ Fy2 and so FyCy ~ Fy @ Fos @ Foo.

The unit group 1s Cgz x Cj.

Lemma 6.5. In a ring R with identity I, I is the only invertible idempotent.

Proof. Clearly I? = I. Let e be an invertible idempotent. Then e.e™! = I

1

= e%2.e7! = I. Thus I is the only invertible idempotent.

Lemma 6.6. In My(F,) (where ¢ = p*) there are ¢* + q + 2 idempotents.

0
Proof. Firstly, there is an identity element I = [ . ] which is an idem-

0
potent and by the previous lemma it is the only invertible idempotent.
a b
Let A = g be a non-invertible idempotent in M (F,).
c

a®>+bc ab—+ bd

Then A% =
ca+dc cb+ d?

I

This gives the following simultaneous equations:

(1) a* + bc = a,

(2) ab+bd = b = bla+ d) = b,
(3) ca+dec=c= cla+d) = c,and
(4) b+ d?* = d.

(5) det(A) = 0 = ad = be.

The proof is now divided into 3 parts.

The first part looks at the case where both b and ¢ are invertible. Solving
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(2) above (using the cancellation laws) we get a +d =1 = d =1 —a.
Nowifa=1=d=1—-1=0 = ad = 0 but this is not possible as ad = bc
# 0, so we must have a # 1. Thus a ¢ {0, 1}.

Thus there are ¢ — 2 choices for a and then d is determined by the choice for
a.

Now we have ad = bc and so adc™' = b, and for each value of ¢ # 0 there is
a unique value of b (because a, b, c and d € the group (FF,)*).

Thus there are ¢ — 1 choices for ¢, and b is then determined. This gives

(¢ —2)(¢g—1) = ¢* — 3¢ + 2 choices for A when both b and c are invertible.

The second part of the proof covers the case where either b or ¢ is zero (but
not both). From either (2) or (3) weget a+d=1=d=1—a.

Also be = 0 (as one of them is zero) = ad = 0 = a or d = 0.

If a = 0 then d = 1. Likewise if d = 0 then a = 1, so a is either 0 or 1.
Now we can count the number of choices. If b = 0, then ¢ has ¢ — 1 choices
(not 0). If b # 0, then ¢ = 0. There are ¢ — 1 ways that b # 0. So there are
q—14 g—1 = 2q— 2 choices for b and c. Finally, for each of these distinct
choices, there are 2 choices for a (1 or 0) and d is determined by a. Thus

there are 2(2q — 2) = 4q — 4 choices when either b or ¢ = 0.

The last part of the proof covers the case where b and ¢ are both zero. We
have bc = 0, and by equation (1) and (4) above, a = a? and d = d*. So the
only possiblilities for a and d are that they are 0 or 1. The product ad must

0 0 10
be zero, and so there are only 3 possibilities. They are: [ 0 ] , [ ]

0 00
0 0
and .

Thus the total number of non invertible idempotents is ¢> —3q+2+4q—4+3
=¢+q+1.
When we include the only invertible idempotent I, we have ¢* + ¢ + 2 idem-

potents.

Example 6.7. In My(F3) there are 3> + 3+ 2 = 1/ idempotents.
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These 14 idempotents can be divided into the three types plus the identity as

a b
per Lemma 6.6 writing each matriz in the form [ 4 ] .
c

2 . . L 2 1 2 2
The 3° — 3(3) + 2 = 2 matrices where b and ¢ are units: Lo |

The 4(3) - 4 = 8 matrices where one of b, ¢ is zero:
10 11 1 2 10 0 0 01 0 2 00
rtofl ool oo 20 |11 Jo1|l]o1]]21

, 1 0 00 0 0
The 3 matrices where both b and c are zero: , , .
00 01 0 0

10
The identity matriz I = [ 01 ] .

Example 6.8. In My(Fs2) there are 9% + 9 + 2 = 92 idempotents.

Corollary 6.9. There are an infinite number of idempotents in My(F') where

F is an infinite field.

Proof. Take the first case in Lemma 6.6 where b and ¢ are both invertible.
For the matrix to be an idempotent, the only limitation on a is that a # 0 or
1. Thus there are an infinite number of choices for a and an infinite number

of idempotents.
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6.1 Field Automorphisms

Definition A ring homomorphism f is a mapping from R; to Rs such that
for all @« and 8 € Ry,

fla+8) = fle) + f(B) and f(a.f) = f(@).f(B)

Note that a field homomorphism is a ring homomorphism where R,
and Ry are fields. A field homomorphism which is an epimorphism and a

monomorphism is a field isomorphism.

Definition [13] Let K be a field. An isomorphism ¢ of K with itself is called
an automorphism of K. The collection of automorphisms of K is denoted
Aut(K). An automorphism o is said to fix an element o € K if ca = . If
F'is a subfield of K then an automorphism of K is said to fix F if it fixes all

the elements of F'.

Note that the prime subfield of any field is the field generated by 1 € K,
and any automorphism o takes 1 to 1 and so o fixes all of the elements of
the prime subfield. Hence any automorphism of K fixes its prime subfield.

Thus F}, has only the trivial automorphism.

Definition [13] Let K/F be an extension of fields. The collection of auto-
morphisms of K which fix F' is denoted by Aut(K/F).

Note that if F is the prime subfield of K then Aut(K/F) = Aut(K). Also
the collection of automorphisms forms a group as they contain the identity,

are invertible and closed under composition. In general Aut(K/F) < Aut(K).

Definition [13] The degree of a field extension K/F, denoted [K : F1, is

the dimension of K as a vector space over F' (i.e.[K : F| = dimpK).

Definition [13] K is said to be Galois over F and K/F is a Galois extension
if |Aut(K/F)| is equal to the degree of F' in K. If K/F is Galois the group
Aut(K/F) is called the Galois group of K/F and is denoted by Gal(K/F).
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Definition [13] The extension field K of F is called a splitting field for
the polynomial f(z) € F[z] if f(x) factors into linear factors (or splits
completely) in K[x] and f(z) does not factor completely into linear factors

over any proper subfield of K containing F.

Definition [13] A polynomial over F is called separable if it has no multiple

roots.

Proposition 6.10. [13] Let K be the splitting field over F of the polynomial
f(x) € Flx]. Then |Aut(K/F)| < [K : F] with equality if f(x) is separable

over I'.

Note the extension of finite fields F,. /I, is Galois since F,» is the splitting
field over IF, of the separable polynomial ¥ — x [13]. Thus there are n

automorphisms of Fy. /IF,,.

Definition [13] Let K/F be a Galois extension. If o € K the elements o(«)
for o in Gal(K/F) are called the conjugates (or Galois conjugates) of «

over F'.

Definition [13] The injective homomorphism o : F,n — F,n defined by «
— aP is surjective since . is finite and so is an isomorphism, and thus an
automorphism. It is called the Frobenius automorphism, which is denoted
by o,. Iterating o, gives 02(ar) = o,(0,(a)) = (aP)? = o’

Similarly 0;(04) =’ i=0,1,2,..

Since oy () = o = q, o) = 1 the identity automorphism. No lower power
of a? can be the identity, since this would imply that 0;;(04) = « for some
i < n, which is impossible since there are at most p’ roots of this equation.
Thus o, has order n = |Aut(K/F)|, and so Gal(F,»/F,) is cyclic of order n

with the Frobenius automorphism as the generator.

Definition [13] Let K/F be a field extension and let a be an element of K.
The field trace of a from K to F'is

tryp(a) =Y, o(a),
the sum of Galois conjugates of «.
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Lemma 6.11. Let a be an element of Fpn. Then trp , . (o) = a.

Proof. The extension F,» /F,» has only the trivial automorphism, so the sum

of the Galois conjugates is equal to the element itself.

Definition [13] Let a be an element of K and let [K : F] = n. Consider
K as a vector space over F. Define by T, the action of a on K by left
multiplication. T, is an F' — linear map (ie To(x +y) = To(z) + To(y) and
Ty(ax) = aT,(x) ¥V z,y € K and a € F). The field trace trg/p(a) is equal
to the trace of the n x n matrix of the F' — linear map T,. This explains the

use of the term trace for both maps.

We illustrate the equivalence of the two trace maps with the following

example.

Example 6.12. Consider the group algebra FoC7. The field extension Fo((7)
containing a primitive 7" root of unity is Fys. The elements of Fas are
0,1,a,a®,1+a,1+a% a+a? 14+a+a® with a as a primitive 7" root of unity.
This field extension can be considered as a 3-dimensional vector space over
Fy with basis elements 1, a, a?.

A prime polynomial of degree 3 over the field Fy is p(z) = 23+ 2z + 1, and
taking a to be a root of this polynomial we see that the basis elements of the

O a', a® which are 1, a, a®>. Because

extension field containing this root are a
a is a root of p(x) we also get that a® = a + 1.
Let o be the Frobenius automorphism so

oa = a?.

o’a =a* =aa® =a(l+a) = a+ d®.

o3a =a® = a.

Thus the field trace of a from Fos to Fy is:
tre,, /8, (a) = a®+a + a®+a=0.
The 3 x 3 matriz of the linear map T, is found by checking what the image

of the 3 basis elements are. If we write the 3 basis elements as column vectors
they are 1 = (1,0,0)7, a = (0,1,0)T and a®> = (0,0,1)7.
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a.l =a =(0,1,0)T.
a.a =a® =(0,0,1).

a.a® =a®> =1+a = (1,1,0)T.

0 0 1
The 3 x 3 matriz of T, = | 1 0 1
010

We can see that the trace of this matrixz is 0.

Thus tr(T,) = tre,,r,(a) = 0.

Lemma 6.13. [13] Let K be a finite field extension of F'. The field trace of
K over F is a map from a field K to the subfield F'.
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6.2 Group Representations and Group Characters

This section gives some preliminary results which allow the Artin- Wedderburn
decomposition of FG (and hence U(FG)) to be found in the next section for
all semisimple FG with G abelian.

To begin with it is necessary to establish the basic notation used in this sec-

tion, and to define some terms.

Definition [19] Let G be a group and F a field. A representation of G
over F is a homomorphism p from G to GL,(F). The degree of p is the
integer n. We use ug to denote the image of g in GL,(F).

Definition [19] Let V be a vector space over F' and let G be a group. Then
V is an FG — module if a multiplication gv (g € G, v € V) is defined,
satisfying the following conditions for all g,h € G, u, v € V, and A\ € F':

(1) gv € V;

(2) (gh)v = g(hv)

(3) lv =wv

(4) Agv) = g(Av)

(5) g(u+v) = gu+ gv
Note that conditions (1), (4) and (5) ensure that for all g € G, the func-
tion v — gv s a linear transformation from V to itself and is thus an

endomorphism of V.

Definition [19] Let V be an FFG — module, and let 5 be a basis of V. For
each g € G let [g]p denote the matriz of the endomorphism v — gv of V,

relative to the basis 3.

The connection between FG-modules and representations of G over F' is

revealed in the following result.

Theorem 6.14. [19]
(1) If n: G — GL,(F) is a representation of G over F, and V = F", then
V' becomes an FG — module if we define the multiplication gv by
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gv = (ug)v
Moreover, there is a basis 3 of V' such that g = [g]g for all g € G.

(2) Assume that V' is an FG — module and let B be a basis of V. Then the

function

g — |9l is a representation of G over F.

Definition An FG — module V' is said to be irreducible if it is non-zero
and 1t has no FG — submodules apart from 0 and V.

Similarly, a representation p : G — GL,(F) is irreducible if the correspond-
ing FG — module F™ given by gv = (ug)v is irreducible.

Definition Suppose that V is an FG — module with a basis . Then the
character of V' is the function x : G — F defined by

x(g9) =trlgls (9 € G).

We say that x is a character of G if x is the character of some FG —
module. Further, x is an irreducible character of G if x is the character of

an irreducible F'G — module.

We now use all of these ideas in the following section which will allow
us to find the Wedderburn decomposition of FG for G abelian and also the
primitive central orthogonal idempotents associated with each summand of
the Wedderburn decomposition. By finding the decomposition, it will also be
possible to find the structure of the unit group.

111



6.3 Cyclotomic Classes of G and the Primitive Central
Orthogonal Idempotents of FG

Definition [6] Let |G| = n and |F| = q. Let the algebraic closure of F
be denoted by F. For every positive integer k coprime with q, (. denotes a
primitive k™ root of unity in F and o = or(q) denotes the multiplicative
order of q(mod k).

Lemma 6.15. [6] The field extension F,(Cx) is Fer.

Let g € G. The group (Z/nZ)* acts on G bym-g = g™. Let () denote the
subgroup of (Z/nZ)* generated by q and consider Q acting on G by restriction

of the previous action.

Definition [6] The q-cyclotomic classes of G are the orbits of the elements
of G under the action of Q on G. Denote by Cy(g) the g-cyclotomic class

containing g.

Cq(9) = {9, 9%, g7, ..., g%} where o is the multiplicative order of ¢ mod n.

Definition Let G be a cyclic group. The set G* of irreducible characters of

G is a group with the product: (x1x2)(9) = x1(9)x2(9), for x1,x2 € G* and
g €G@qG.

Note that these characters are taken over F. Furthermore G* and G are iso-
morphic and in particular G* is cyclic and the generators of G* are precisely
the faithful representations of G.

Definition [6] If G is cyclic, then let C(G) = Cy(G) denote the q-cyclotomic

classes of G* that contain generators of G*.

Let N « G such that G/N s cyclic of order k and C € Cy(G/N).
If x € C then define

eo(GN) =G X peq trrnr(x(9))g ™

where g denotes the image of g in G/N.
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Definition [28] Let R = Y"\_| A; be a decomposition of a semisimple ring
as a direct sum of minimal two-sided ideals. Then there exists a family
{e1,€a,...,e1} of elements of R (with A; = Re; = e;R), such that

(i) e; is a central idempotent.

(it) If i # j then e;e; = 0 (i.e. they are orthogonal).

(iii) 1 =e; + ... + e

(iv) e; cannot be written as e; = e; +eg where €, € are nNon-zero central
orthogonal idempotents.

The elements {ey, ea, ..., €} defined above are called the primitive central

orthogonal idempotents of R.

Lemma 6.16. Let N be the trivial normal subgroup G of G. Then the

primitive central idempotent associated with G/G is eq = |G|*1CA;.

Proof. The quotient group G/G contains only the trivial element and thus
has only one irreducible character (the trivial character). Also the degree of
the normal subgroup is 1, which is in the prime field, so the Galois group
of automorphisms is just the trivial group and the trace is just the element
itself. Thus

(G, Q)= |G| T g treayr(x(1)g ™" = |G X eo(Dg ™! = |GG

= €¢g.

The following Theorem from Broche and del Rio gives a method for finding
the Wedderburn decomposition of a group algebra where the characteristic of
the field does not divide the order of G. Not only that but it also gives a
method for finding the primitive central orthogonal idempotents associated

with each summand. This technique is illustrated with a number of examples.

Theorem 6.17. (Broche and del Rio) [6] If G is a finite abelian group of
order n and F is a finite field of order q such that (q,n) = 1, the the map
(N,C) —ec(G, N) is a bijection from the set of pairs (N, C) with N < G such
that G/N is cyclic of order k and C' € C,(G/N) to the set of primitive central
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idempotents of FG. Further for every N < G and C € C,(G/N), FGec(G, N)
~ F((x) where k = |G/N|. Further, ec(G, N) does not depend on the choice
of x € C.

In other words, for each normal subgroup which has a cyclic quotient,
and for each cyclotomic class which contains a generator of G*, there is a
summand in the Wedderburn decomposition, and this summand is isomorphic
to F((i) where k = |G/N|. This technique not only finds the primitive central
orthogonal idempotents associated with each summand, but it also gives us

the Wedderburn decomposition.

Example 6.18. F,C5. ¢ = 2 and n = 3.
There are two normal subgroups with cyclic quotients, Hy ~ Cy and Hy =~
Cs, gwing k = |G/Hy| = 8 and k = |G/Hs| = 1 respectively.
If k = 3, then F((3) = Fyo;s = Fo2 because the order of q (mod 3) is 2. i.e
¢ =2%=1 (mod 3).
If k = 1, then F((;) = Fy because the primitive 1st root is the generator of
the prime subfield.

The primitive central orthogonal idempotents are the blocks of the decom-

position and are found using Broche and Del Rio’s method as follows:

G/H, ~ C5. The table of irreducible characters of Cs5 is as follows:

classes: |1 x 2?
sizes: |1 1 1
X1 1 1 1
X2 1 ¢ ¢
X3 1 ¢ ¢

where ( is a primitive cube root of unity in Fa.

The group (G/Hy)* of irreducible characters of G/Hy is {x1, X2, X3} with
generator Xo.

The group (Z/nZ)* = (Z/37)* = {1,2} acts on (G/Hy)* by m-g = g™.

Q is the subgroup of (Z/3Z)* generated by q = 2 and so Q@ = {1,2}. The
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orbits of the elements of (G/Hy)* under the action of Q on (G/Hy)* are
{x1} and {x2, x3}. Of these two classes only {x2, x3} contains a generator
of (G/Hy)* and so this class is C(G/Hy).

Choosing X2 as the character in C(G/H,), the primitive central idempo-

tent associated with the summand Fay2 s
cc(G, Hy) = |G|™' ¥ geq trr,e ma (X(9))g™
= 1[tre,, r, (X2 (1)1 + 175, 5, (X2 (7)) 2 + 175, /5, (X2(27)) 7]
= 1[tre, /p, (1)1 + tr5, /5, ()2 + tr5, 7, () 7]

Note that the Galois group, Gal(Fy2 /Fy) ~ Cy and the only non trivial au-
tomorphism is the Frobenius automorphism o which maps o to o. Thus the
field trace of each of the above elements is the sum of both of their Galois
conjugates.

tre,r,(1) = 141 = 0 (as 1 is mapped to itself under both o and o* - the
identity automorphism,).

tre, e, (C) = ¢ + . Here C is a primitive cube root in the field Fy2. This
field has elements {0,1,a,1+ a} where a® =1+a anda® =a+1+a = 1.
Thus the element a has order 3 so define ( = a and (* =1+ a.

Thus tre,/r,(() =C+ =a+1+4+a =1.

tr]FQQ/Fz(CQ) =C4+(¢ =1.

So ec(G, Hy) = 1[(0)1 + (1)a? + (1)z] = = + 22.

For Hy = G, the primitive central idempotent is eq by Lemma 6.16.
ec(G, Hy) = eq = 1[1 +z + 2.

So the two central primitive orthogonal idempotents of FoCs >~ Fy2 @ Fy are
x+a? and 1+ + 22 which correspond to 1 —eq and eg. As there are just the
two pairs (Hy,C(G/Hy)) and (Hy, C(G/Hs)) we see that by Theorem 6.17
the Wedderburn decomposition of FoC3 is Fo2 @ Fy and the unit group is Cs.
Example 6.19. F2C3. ¢ = 4 and n = 3. Let Fp2 = {0,1,a,1+ a}.

Again there are two normal subgroups, Hy ~ Cy and Hy ~ C3, giving k =
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|G/H,| = 3 and k = |G/Hsy| = 1 respectively.

If k = 3, then F((3) = F(2)1 = Fo2 because the order of 4 (mod 3) is 1.

If k = 1, then F((;) = Fy2 because the primitive 1st root is the generator of
the prime subfield.

G/Hy, ~ C5. The table of irreducible characters of Cs is as follows:

classes: |1 x 2?
sizes: |1 1 1
X1 1 1 1
X2 1 ¢ ¢
X3 1 ¢ ¢

where ( is a primitive cube root of unity in Fa2. Define ( = a.

The group (G/Hy)* of irreducible characters of G/Hy is {x1, X2, X3} with
generators x2 and x3.

The group (Z/nZ)* = (Z/37)* = {1,2} acts on (G/Hy)* by m-g = g™.

Q is the subgroup of (Z/3Z)* generated by q =4 = 1(mod 3) and so Q) = {1}.
The orbits of the elements of (G/H,)* under the action of Q on (G/Hy)* are

{x1}, {xa} and {xs}.
Of these classes both {x2} and {x3} contain a generator of (G/H)* and so

we label them Cy(G/Hy) and Co(G/Hy) respectively.
ec, (G, Hi) = |GI7 X e tre,/r,e (X(9))g7!
= 1[tre, /. (X2(1))1 + 75, ., (X2 (7)) 2 + e, /1, (X2(27)) 2]
= 1[tre,, /p, (1)1 4 tre, /m,, (O)2? + tre, /v, (C7)2]

Note that the Galois group, Gal(Fy2 /Fy2) ~ Cy and so only the trivial auto-
morphism applies. Thus the field trace of each of the above elements is the

element itself.

So ec, (G, Hy) =1[(1)1+(a)z*+(1+a)z] =1+ (14+a)z+az®. This primitive

central idempotent generates the first summand Foyz.
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€0, (G, Hr) = 1t v, (Xs(D)1+ 115, /5,5 (X3(2)) 2% + 1, 5, (X3(27)) 2]

= 1[tTF22 /F22 (1)1 + tngZ /F22 (CQ)Z.Q _'_ tT]FQQ /F22 (C)x]

=11+ (1 +a)x®> +azx] =1+ ax + (1 + a)z®. This primitive central

idempotent generates the second summand Fyz.
For Hy = G, the primitive central idempotent is eq by Lemma 6.16.

ec(G, Hy) = eq = 1[1 + x + 22| and this element generates the third and

final summand Foy2

Thus we see that by Theorem 6.17 the Wedderburn decomposition of Fa2Cy
is @?:1 Fy2 and the unit group is C.

Example 6.20. F,C5. ¢ = 2 and n = 5.

There are two normal subgroups, Hy ~ Cy and Hy ~ Cj, giving k = |G/ H;|
=5 and k = |G/Hsy| = 1 respectively.

If k = 5, then F((5) = Fyos = Fau because the order of q(mod 5) is 4. i.e ¢*
=2'=1(mod 5).

If k = 1, then F((1) = Fy because the primitive 15 root is the generator of
the prime subfield.

G/H, ~ Cs. The table of irreducible characters of Cs is:

classes: |1 x 2% 2% 2*
sizes: |1 1 1 1 1
X1 1 1 1 1 1
X2 1 ¢ ¢ ¢ ¢
X3 ¢ ¢ ¢ ¢
X4 ¢ ¢ ¢t ¢
X5 L ¢t ¢ ¢ (¢

where C is a primitive 5" root of unity in Faa.

The group (G/Hy)* of irreducible characters of G/Hy is {X1, X2, X3, X4, X5}

with all of the elements being a generator except x1.
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The group (Z/nZ)* = (Z/5Z)* ={1,2,3,4} acts on (G/Hy)* by m-g = g™.
Q is the subgroup of (Z/5Z)* generated by q = 2 and so Q = {2,4,3,1}.
Now x3 = X2X2(7) = x2(@)x2(z) = (( = = x3(2).
Similarly, X3 = X5, X3 = Xa and X = X2
Thus the orbits of the elements of (G/Hy)* under the action of Q on (G/H;y)*
are {x1} and {x2, X3 X4, X5} with only the second class containing a generator
so this class is C(G/H,).

Choosing x2 as the character from C(G/H,), the primitive central idem-

potent assoctated with the summand Faa s

ec(G, Hy) = 1[tre,, /m, (1)1 4+tr5,, jr, (O)2* +175 , y7, (CP) 2+ trp,, /1,y (CP) 2 +
tr(¢*)x]

The group of automorphisms Gal(Fqs /Fy) ~ Cy with the Frobenius automor-
phism o which maps o to o as the generator. Thus the field trace of each
of the above elements is the sum of all four of their Galois conjugates.
tre,, p,(1) = 1+1+1+1 =0
tre,, m,(Q) = C+ % + ¢4 ¢h
Here ¢ is a primitive 5th root in Fea, the field formed by the ring quotient
%(53} where p(x) is the irreducible polynomial x* + x + 1. In this field the
element a® has order 5 and so we set { = a®.
It follows that (> = a®>+a%, 3 =a*+a and ¢* =a® +a*+a+ 1.
Thus tre_, /r,(¢) = ¢+ ¢ + ¢+ ¢*

=a+ (@ +ad)+(a®*+a)+a*+a*+a+1 =1
Similarly tre,, /p,(C*) = trg,, /5, (C*) = tre, /m,(¢*) = 1.

So ec(G, Hy) = 1[(0)1 + (1)z* + (1)2* + (D)2 + (1)z] = z + 2* + 23 + 2.
For Hy = G = Cj, the primitive central idempotent is ec(G,G) = eq =
1+ 2+ 2%+ 23 + 2t by Lemma 6.16.

Again there are only the two pairs (Hy,C(G/Hy)) and (Hy, C(G/Hs)) and
by Theorem 6.17 the Wedderburn decomposition of FoC'5 is Foa & Fy and

the unit group is Ci5. The two central primitive orthogonal idempotents are
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r+2?+ 23+ 2t and 1+ 2+ 22+ 23 + 2% which again correspond to 1 —eg and
eg. When there are only two summands in the decomposition this is always
going to be the case. Next we examine another case where there are more

than two summands.

Example 6.21. F;,C7. ¢ = 2 andn=17.

There are two normal subgroups, Hy ~ Cy and Hy ~ C7, giving k = |G/ H,|
= 7 and k = |G/Hs| = 1 respectively.

If k = 7, then F((;) = Fyo, = Fys because the order of q (mod 7) is 3. i.e ¢3
=23 = 1(mod 7).

If k = 1, then F(¢1) = Fy because the primitive 15 root is in the prime
subfield.

G/H, ~ C;. The table of irreducible characters of Cy is:

classes: |1 x x° x° x* x° «x
sizes: |1 1 1 1
X1 11 1 1 1 1 1
e |1 ¢ ¢
x3 |1 ¢ ¢ ¢ ¢
xa |[1¢ ¢ ¢ ¢ ¢ ¢
X5 L¢h ¢ ¢ ¢ ¢ ¢
X6 1 ¢ ¢ ¢ ¢ ¢t ¢
xr |[1.¢® ¢ ¢t ¢ ¢ ¢

where  is a primitive T root of unity in Fys.

The group (G/Hy)* of irreducible characters of G/Hy is {x1, X2, X3, X4, X5, X6, X7 }
with all of the elements being a generator except x1.

The group (Z/nZ)* = (Z/72)* ={1,2,3,4,5,6} acts on (G/Hy)* by m-g

Q is the subgroup of (Z/T7Z)* generated by q = 2 and so @ = {2,4,1}. Now
X3(x) = xa(x). Similarly, x5 = x5 and x3 = Xx2. Xi(x) = x7(x). Similarly,

Xi = X6 and x5 = xa. Thus the orbits of the elements of (G/H,)* under the
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action of Q on (G/H1)* are {Xl}; {X27X3 7X5} and {X47X7 7X6}-

This time there are two classes containing generators so we label them Cy (G /Hy)
={x2,x3 , x5} and Co(G/H1) = {X4, X7 , X6}

Thus there are two pairs (Hy, Cy) and (Hy, Cy) and so by Theorem 6.17 there
are two summands isomorphic to Fys in the Wedderburn decomposition. The
other summand is Fo which corresponds to the pair (Hy, C(G/G)). Thus the
total decomposition of FoCr is Fy & @?:1 Fos.

We can find the three primitive central orthogonal idempotents now.

Choosing x2 as the character from C1(G/Hy), we get

ecy (G, Hy) = 1[tre,, /e, (X2 (1)1 +trr 4/, (Xa(2))2° + tre,, v, (X2 (27)) 2 +
tre . /m (X2 (%)) 2 +t7p_, jr, (X2 (2%)) 2 + 175y 1, (X2 (2°)) 22 t1p 4 7, (X2(2°) ) 2]

=1 [trF23/1172 (1> 1+tTF23 /Fa (C)x6+tT1F23 /Fa (Cz)xg)—’_tﬁ?g:; /Fa (<3)$4+t7‘]1723 /Fa (C4)ZL‘3+
tTF23 /F2 (C5)$2 + tT]F23 /F2 (66)x]

The group of automorphisms Gal(Fys /Fs) is isomorphic to Cy with the Frobe-
nius automorphism o which maps o to o as the generator. Thus the field
trace of each of the above elements is the sum of the three Galois conjugates.
tre,,m, (1) = 1+1+1 = 1
tre,s m,(C) = C+¢% + ¢t

Here ¢ is a primitive 7th root in Fas, the field formed by the ring quotient
Fafa]
p(z)
element a has order 7 and so we set ( = a. It follows that (*> = a® and (* =

a+a’.
Thus trF23/[g2(() =(+C+
=a+ (a®) + (a+a®) =0.
Similarly tre_, /v, (¢*) = tr(¢*) = 0.
Nowo(l+a) =1+a? o*(1+a) =1+a+a® and o*(1 +a) =1+a.
Thus tTF23/F2(§3) =(1+a)+(1+a*)+(1+a+ad?) =1.
Similarly tre_, v, (C°) = tre,,/m,(¢°) = 1.

where p(x) is the irreducible polynomial 23 + x + 1. In this field the
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So €0, (G, Hy) = 1[(1)1 + (0)2% + (0)2° + ()z* + (0)z® + (1)2® + (1)z] =
1+ + 2%+ 2%

Choosing x4 as the character from Cy(G/Hy), we get
€Cy (G> Hl) = 1[tTF23/F2 (X4(1))1 + tngs/]Fz (X4<$))x6 + tTng/ﬁ‘b (X4($2))x5 +
£, ms (Xa (%)) 20 1755, (Xa (29))2° 7, 5, (Xa (2°)) 22 +H78, 7, (Xa (2°)) 2]

= 1[tTF23/F2<1>1+tTF23/F2 <C3)x6+trF23/F2(C6)x5+tTF23/F2 <C2)J}4+t7’]1723/1p2 (C5)I3+
tre,, /()% + tr(¢h)z]

=1[()1+ ()2’ + (1)2° + (0)z* + (1)2® + (0)2? + (0)z] = 1+ 23 + 2° + 25,
This 1s the idempotent associated with the second summand isomorphic to
IF23

For Hy = G = (5, there is only one q-cyclotomic class C' and thus only one
summand. The primitive central idempotent is ec(G,G) = eq = 1+x+ 2>+

23+ 2* + 25 + 2% by Lemma 6.16.

The three central primitive orthogonal idempotents of FoCh >~ @?:1 Fos @ Fy
are 1+ 22 +2t , 1+ 22+ 25+ 2% and 1+ 2+ 22 + 2% + 21 + 2° + 2% generating

the summands Fos, Fos and Fy respectively.

If we take a close look at the elements of the direct sum of the two summands

generated by the idempotents 1+x3+2°+2° and 1+ 2z + 22 + 2% + 24 + 25 425,

we will see that there is an isomorphism between this direct sum and the code-

words of the Hamming (7,4,3) Code that we encountered in Example 1.12.

The idempotent 1 + 2° + 2° + 2° generates a field of 8 elements. Multiplying

this idempotent by the 7 group elements gives the following elements:
l+oz+2°+25 o+t +25+1, 22+ 25+ 1+ 2, 22 + 2% + 2 + 22,

1+ 2?2+ 23, 2 o+ 23+t and 28 + 2 + 2t 4+ 2P,

We can also multiply by 0 to get 0.

Thus we get 8 distinct elements which complete the summand Fos generated

by the idempotent 1 + x> + x° + 25.
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We now reorder these 8 elements and display them and their corresponding

vectors over Fy in the following table

1422+ a° + 25 1001011
1+x+a* + 25 1100101
142422 + 25 1110010
r+22 4+ 13 + 28 0111001
1+22 + 23 + 24 1011100
o423 + 2t 4+ 25 0101110
?+ a2t + 2%+ 2% | 0010111
0 0000000

The two elements of the summand Fy generated by 1+x+22+ 22 +2* +2° + 8
are 1 +x + 2% + 23 + 2* + 2° 4+ 25 and 0.

Adding zero to the 8 earlier elements leaves them unchanged. Adding 1+ x+
22+ 23 + 2t + 2% 4+ 28 to them changes the 1’s to 0’s and vice versa.

Thus we get the further 8 elements with corresponding vectors as follows:

r+22 + 2t 0110100
2+ a3+ 2P 0011010
2+ xt + 26 0001101
1+t + 2° 1000110
z+2° + 2° 0100011
1+2% + 28 1010001
1+x+23 1101000
I+z+2? + 23 + ot + 2° + 20 | 1111111

The 16 codewords in the Hamming (7,4,3) Code generated by the zero divi-
sor 1 +x + 2% and the submodule W with basis S = {1,z,2% 2®} that we
encountered in Example 1.12 are:

[0000000], [0001101], [0010111], [0011010],

[0100011], [0101110], [0110100], [0111001],

[1000110], [1001011], [1010001], [1011100],

[1100101], [1101000], [1110010], [1111111].
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These are clearly the same as the 16 vectors in the direct sum Fos & Fo.

Example 6.22. F3C2. ¢ = 3 andn=4. Let C3 = {1,z,y,zy}.
Altogether there are 5 normal subgroups but only 4 of these have a cyclic

quotient. They are:

~ (x) of degree k = 2,

~ (y) also with k = 2,

~ (xy) with k =2.
(x,y) with k = 1.

~

If k = 2, then F(() = Fs0, = F31 because the order of 3(mod 2) is 1.
If k = 1, then F((1) = F3 because the primitive 15 root is in the prime
subfield.

G/Hy, ~ Cy. The table of irreducible characters of Cy is:

classes: |1 «x
sizes: |1 1
X1 L1

X2 INNG

where ¢ 1s a primitive square root of unity in F3, i.e ( = 2.

The group (G/Hy)* of irreducible characters of G/Hy is {x1, x2} with gen-
erator xa.

The group (Z/nZ)* = (Z/AZ)* = {1,3} acts on (G/Hy)* bym-g = g™.
Q is the subgroup of (Z/AZ)* generated by ¢ = 3 and so Q = {3,1}.

Now x3(x) = x2(x) while x3 = x2 also.

Thus the orbits of the elements of (G/Hy)* under the action of Q on (G/Hy)*
are {x1}, {xa} with only {x2} containing a generator so we label it C(G/H,).

Note that the situation for the other two normal subgroups of degree 2 is the
same so will use the same character when establishing the primitive idempo-

tent associated with Hy and Hs.
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Thus there are three pairs (Hy,C'), (Hy, C) and (Hs, C) where C = {x2}.

By Theorem 6.17 there are then three summands isomorphic to Fs in the
Wedderburn decomposition. The other summand is also F3 which corresponds
to the pair (Hy, C(G/G)).

Thus the total decomposition of FsC3 is @?:1 Fs.

We can find the four primitive central orthogonal idempotents now.
Note that Hy ~ (x) and so G/H; contains two cosets {1,z} and {y, zy} cor-
responding to 1 and x in the character table of Cy. Thus for instance * = 1

and y = x where T is the image of x in G/H;. Thus we have

GC(Gv Hl)

=1tre, s (X2 (1)) 1+ 78 /55 (X2(Z)) 2 + 175, /75 (X2(0))Y + 175, 55 (X2(7Y) ) 7Y
=1{tre,rs (1)1 + tre, e, (1)@ + tre, v, (Q)y + 17w, /5, () Y]

=11 + 1z + 2y + 2xy]

Note that F3/F3 has only the trivial automorphism so the Galois conjugate
of each element is just the element itself. Thus trg,/r,(1) = 1 and tre,/,(C)
= ( = 2. Similarly, Hy ~ (y) and here for instance y = 1. Thus we have

ec(G, Hy) = 1{tre, /r, (X2(1)) 1+t75, jmy (X2(T)) 2 +-tre, /7 (X2 (9)) Y78, /5 (X2 (2Y) ) 7]
=1 [tTFs/Fs(l)l + trF3/]F3 (C)l’ + tT’(l)y + Zf7111“3/11“3 (C>$y]
=1[1 42z + 1y + 2zy]

ec(G, Hz) =1{tre, rs (X2(1))1+tre, rs (X2(2)) 2+t78, /75 (X2 (9) ) Y+ 78 /55 (X2(2Y) ) 7Y
=1 [tTF3/F3(1)1 + trFB/]F3 (C)SIZ + If7’]1:3/15‘3 (C)y =+ tr(ny]
=1[1+ 2z + 2y + lzy|

For Hy = G = C3, there is only the trivial character in the character table
of the quotient group and so C' = {x1}. The primitive central idempotent is
co(G,G) =eq =14+zx+y+xy.

The four central primitive orthogonal idempotents of F3C3 ~ @?:1 Fs are:

1+ 1z + 2y + 22y,
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1422+ 1y + 22y,
1422+ 2y + lzy and
1+ 1z + 1y + lzy.

Example 6.23. F;Cs. ¢ = 5 and n = 6. Let C5 = {1, 2,22 2%, 2%, 2°}.
There are four normal subgroups all of them with cyclic quotients. They are:
Hy, ~ (1) of degree 6 =k,
Hy ~ (23) giving k = 3,
~ (x?) giving k = 2 and
Hy ~ (x) giving k = 1.

If k = 6, then F5((s) = Fs2 because the order of 5 (mod 6) is 2.

If k = 3, then F5((3) = Fs2 because the order of 5 (mod 3) is 2.

If k = 2, then F5(() = F5 because the order of 5 (mod 2) is 1.
(G) =Fs

If k = 1, then F5((; because the primitive 15 root is 1.

The first quotient is G/H; ~ Cs. The table of irreducible characters of Cg

18:

classes: |1 x x*> 2° 2 2°

sizes: |1 1 1
X1 1 1 1 1 1 1
X2 1 ¢ ¢ ¢ ¢ ¢
X3 ¢ ¢t1 ¢
X4 ¢ 1 ¢ 1 ¢
X5 ¢t ¢ 1ot
X6 1 ¢ ¢t ¢ ¢ ¢

where ¢ is a primitive 6 root of unity in Fsa.

To find the value of ¢ requires a little work. Firstly p(z) = 2®> +z + 1 is an
irreducible polynomial of degree 2 over Fy[z]|. If we let p(a) = 0 then we get
a’> = —a—1 = 4a+ 4 and the field extension F5(a) ~ Fs:.

The element 4 has order 2 because 4> = 16 =1(mod 5). The element a has
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order 3 because a®> = 4a+4 = a® = a(da +4) = 4a® + 4a = 4(4 + 4a) + 4a
=16 + 16a + 4a = 1.

By forming the subgroup generated by these two elements (4,a) = {1,a,4a+
4,4,4a,1 4+ a} we can easily find two elements of order 6 i.e. 4a and 1 + a.
Define ( = 4a. Then the orders of the elements of this subgroup are as

follows:

element | 1| a |4da+4| 4 |4da|l+a
¢t ¢ |¢lc¢| ¢
order |1 3 3 216 6

Also we have (> =4a+4, (3 =4,(* =a, ® =1+a.

The group (G/Hy)* of irreducible characters of G/Hy is {x1, X2, X3, X4, X5, X6 }
with generators xs and Xg.

The group (Z/nZ)* = (Z/6Z)* = {1,5} acts on (G/Hy)* bym-g = g™.
Q is the subgroup of (Z/6Z)* generated by g =5 and so Q = {5,1}.

X3(z) = xo(2).
X3(x) = xs5().
Xi(z) = xa(z)
x3(x) = xa(z).
Xg(z) = x2(2)

Thus the orbits of the elements of (G/Hy)* under the action of Q on (G/Hy)*

are {x1}, {x2,x¢} {xa} and {xs, x5}
The two generators of (G/Hy)* are xo and x¢ as these are the only two

characters which have order 6.

Thus there is only one q-cyclotomic class containing a generator so we label
it C(G/H1) = {x2,Xxe}-

Choosing x2 as the character from C(G/H;), we get

GC(G7 Hl) = 1[757”]1?52/[@5()(2(1))1 + trFsz/F5 (XQ(J;>>$5 + trF52/]F5(X2(x2))x4 +
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e, w5 (X2 (7)) + tre, ey (X2(2%)) 22 + e, v, (Xa(2))2]

=1 [tTF52/]F5(1)1 + tT]FSQ/IF5 (C)ZL’5 + tT]F52/IF5 (<2)ZL’4 + t?“]FSQ/[Fs (<3)ZC3 +
tTF52/F5(<4)x2 + tTF52/F5<<5)x]

The group of automorphisms Gal(Fsz /F5) is isomorphic to Cy with the
Frobenius automorphism o which maps o to a® as the only non trivial auto-
morphism.

Thus the field trace of each of the above elements is the sum of both of its
Galois conjugates.
tre,ms (1) = 1+1 = 2

tre /e (C) =C+ (% =4da+(14a) = 1.
tTF52/F5(C2) =C +¢*=4a+4) +a =4
tre,ms(CP) = + P =444 =23
tre, 5, (CY) = 4 (same as try_, v, (C7))
tre, /s (C°) = 1 (same as tre_, /v, (C))

So ec(G, Hy) = 1[(2)1 + (1)z° + (4)z* + (3)2® + (4)2% + (1)x]

=2+ o+ 42% + 323 + 42t + 2.
This is the primitive central orthogonal idempotent associated with the first
summand Fs2. It can be shown with a bit of calculation (not shown) that this

element is indeed an idempotent in F5Cs.

The second quotient is G/Hy ~ G/* ~ Cs. The cosets for this quotient
group are {1, 2%}, {z, 2"}, {22, 25} which will be labelled {1, x,x*}.

The table of irreducible characters of C5 1s:

classes: |1 x 2?
sizes: |1 1 1
X1 1 1 1
X2 1 ¢ ¢
X3 1 ¢ ¢

where ¢ is a primitive cube root of unity in Fsa.
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We saw earlier in this example that Fs2 can be constructed as the quotient
ring of Fs[z]/p(z) where p(x) = 2> +x + 1 and a is a root of p(z) such that
the element a has order 3.

So we can set ( = a and we have (* = 4a + 4.

The group (G/Hy)* of irreducible characters of G/Hy is {x1,X2, X3} with

generators xo and xs.

Recall that Q is the subgroup of (Z/6Z)* generated by g =5 and so Q =
{5,1}.

X3(x) = xs(@).
X3(7) = xa(@).
Thus the orbits of the elements of (G /Hay)* under the action of Q on (G/Hs)*

are {x1} and {x2, x3}-
Thus there is only one q-cyclotomic class containing a generator so we label

it C(G/Ha) = {x2,x3}-
Choosing x2 as the character from C(G/Hs), we get

ec(G, Hy) = 1[tre_, /ps (x2(1))1 + tre_, /rs (X2(T))2° 4 trp_, /7, (x2(2?))x* +

1
1, /ms (X2(2%))2% + tre_, 5, (X2 (24))2? + tre, 7, (X2 (27) ) 2]

=1[trE_, jrs (X2(1))1 + e, rs (X2(2))2° 4 e, jr; (X2(2%))2* +
trF52/F5 (Xg(l))$3 + tT]F52/F5 (XQ(:E)):B2 + t7"]1<‘52/IF5 (XQ(QZ2))$]

=1 [trF52 /Fs (1) 1+tTF52 /Fs (C)$5+t7“]p'52 /Fs (<2)$4—|—t7“]1752 /Fs (1)I3+trﬂ752 /Fs (g)xZ_i_
tr(¢?)a]

Again the Frobenius automorphism o which maps o to o’ is the only
non triwial automorphism so the field trace is the sum of both of its Galois
conjugates.
tre,ms(1) = 1+1 = 2
tre,ms(C) =+ =a+(4+4a) = 4.
tre, s (C%) = 2 + ¢ = (4da+4) +a =4

So ec(G, Hy) = 1[(2)1 + (4)2° + (4)z* + (2)2® + (4)2* + (4)z]
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=2+ 4dx + 42% 4 223 + 4ot + 427,
This is the primitive central orthogonal idempotent associated with the second
summand Fs2.

Again, it can be shown that this element is actually an idempotent in F5Cs.

The third quotient is G/Hs ~ G/{x?) ~ Cy. The cosets for this quotient

2

group are {1, 2% 2*} and {x, 23, 2%} which will be labelled 1 and x respectively.

The table of irreducible characters of Cy 1s:

classes: |1 =z
sizes: |1 1
X1 1 1

X2 ING

where ¢ is a square root of unity in Fs2 1.e. { = 4.

The group (G/H3)* of irreducible characters of G/Hs is {x1, X2} with gen-

erator Xo.

Recall that Q is the subgroup of (Z/6Z)* generated by g =5 and so Q =
{5,1}.

X3(z) = x2().
Thus the orbits of the elements of (G/Hs)* under the action of Q on (G/Hs)*

are {x1} and {x2}.
Thus there is only one q-cyclotomic class containing a generator so we label

it C(G/Hs) = {x2}

eo(G, Hs) = 1[trg, o, (X2 (1)1 + tri, s (x2(2))2° + treg v, (x2(22)) 2
+trw, my (X2(22)) 2 + treg p, (X2 (%)) 2 + tre, jr, (x2(2%))2]

=1tre, yms (x2(1)) 1Htre, sms (X2 ()27, 75 (X2 (1) 2 875, /75 (Xo (7)) 27+
tre, 65 (X2(1))2% + 15, 5 (X2 (7)) 2]

=1{tre, s (1)1 + trp, jws (Q)2® + trp jrg (1) 2t + trpy jrg ()2 + trp, rg (1) 22 +
tres rs (C)]

There is only the trivial automorphism so tre,/p, (1) = 1 and try, r,(() =

= 4.
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So ec(G, H3) = 1[(1)1 + (4)2° + (1)z* + (4)23 + (1)2* + (4)x]

=1+ 4z + 12% + 423 + 12" + 425,
This is the primitive central orthogonal idempotent associated with one of the
two summands Fs.

Again, it can be shown that this element is actually an idempotent in F5Cg.

The fourth quotient is G/Hy ~ G /G and the cyclic quotient is the trivial
group with only the trivial character. As we have seen before, this quotient
yields the primitive idempotent eq = 1 +x + 22 + 23 + x* + 2°.

This idempotent generates the final summand Fs.

By Theorem 6.17 the Wedderburn decomposition of F5Cs = @?:1 Fs: &
@?:1 F5 and the primitive central orthogonal idempotents are:

2+ x4 422 + 323 + 42t + 2°,

2 + 4z 4 422 + 223 + 4ot + 428,

1+ 42 + 122 + 423 + 12* + 425 and

1+ x4+ 2%+ 2% +2* + 25
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6.4 The Isomorphism Problem
[28] The Isomorphism problem concerns the following question:

Given two groups G and H and a field K, is it true that the existence of
an isomorphism KG ~ K H implies that G ~ H?

The answer to this question is no. In his paper [9] The Unit Group of
Small Group Algebras and the Minimum Counterexample to the Isomor-
phism Problem, Leo Creedon gives the minimum counterexample to this
problem. The non-isomorphic groups C; and C3 have the same group alge-
bra over 5. This proof was non-constructive.

Here we will find the primitive central orthogonal idempotents of each group

algebra and exhibit an isomorphism between them.

First we find the primitive idempotents of F5C, using Broche and del Rio’s
method from the previous section. ¢ = 5 and n = 4. Let Cy = {1,xz, 22 23}.
There are three normal subgroups with cyclic quotients. They are:

H, ~ (1) of degree 4 = k,

Hy ~ (2?%) giving k = 2,

Hj3 ~ (z) giving k = 1.

If k = 4, then F5((4) = F;5 because the order of 5 (mod 4) is 1.
If k = 2, then F5((2) = F; because the order of 5 (mod 2) is 1.
If k = 1, then F5(¢;) = F5 because the primitive 1% root is 1 which is in Fj.

The first quotient is G/H; ~ C,. The table of irreducible characters of Cj

1S:

classes: |1 x 2?2 23
sizes: |1 1 1 1
X1 1 1 1 1
X2 1 ¢ ¢ ¢
X3 L ¢ 1 ¢
X4 1 ¢ ¢ ¢
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where ( is a primitive 4" root of unity in IFs.
Define ¢ = 2. Then ¢? = 4 and (® = 3.

The group (G/H;)* of irreducible characters of G/H; is {x1, X2, X3, X4} With
generators yo and xy.

The group (Z/nZ)* = (Z/AZ)* = {1,3} acts on (G/Hy)* by m - g = g™.

(@ is the subgroup of (Z/47)* generated by ¢ = 5 = 1(mod 5) and so @ =

{1}.
Clearly x! = x,.

Thus the orbits of the elements of (G/H;)* under the action of @ on (G/H;)*

are {Xl}’ {XQ}’ ) {X3} and {X4}'
The two generators of (G/H;)* are x and x4 as these are the only two

characters which have order 4.

Thus there are two g-cyclotomic classes containing a generator so we label
them C1(G/H;) = {x2} and Cy(G/H;) = {x4}. This means that there are
two summands isomorphic to F5 associated with the normal subgroup H;.

The first one of these summands has the following idempotent:

€cy (G> Hl) = ‘G’_l[trﬂ“s/ﬂ“&s (X2(1))1+tTF5/F5(XQ(a:))xS_‘_trFs/lFE)(X2($2))x2+
tT]F5/F5 (X2<x3))x]

=41+ (Q)z* + (¢*)2* + (¢)a]
=4[(1)1 + (2)2® + (4)2* + (3)z]
= 44323 +2? + 2z

=4+ 2z + 2% 4 32,

(Note that since the Galois group of F5 over Fj contains only the trivial
automorphism,the field trace of each element is just the element itself).
This then is the primitive central orthogonal idempotent associated with the

first summand F5 associated with H;.
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ec, (G, Hy) = |G| tres ps (Xa(1)) L +trw, /o, (Xa ()2 +trp, s (Xa (7)) 2+
tT]F5/F5 (X4('T3))I]

=4[()1 + (¢*)2® + (¢*)2? + (O]
=4[(1)1 + (3)2® + (4)2* + (2)z]
=442+ 22+ 3x =4+ 3+ 22+ 223

This then is the primitive central orthogonal idempotent associated with the

second summand Fy associated with Hj.

The second quotient is G/Hy ~ G/{x?) ~ Cy. Hy = {1, 2} so the cosets
for the quotient are 1H; = 1{1,2%} and xH, = 1{1,2%?}. These cosets are
labelled {1, x}.

The table of irreducible characters of (Y is:

classes: |1 =z
sizes: |1 1
X1 11

X2 I ¢

where ( is a square root of unity in F5. Thus ¢ = 4.

Again @) = {1} and so the orbits of the elements of (G//Hz)* under the
action of Q) on (G/H,)* are {x1} and {x2} with only one ¢-cyclotomic class
containing a generator so we label it C(G/Hs) = {x2}.

ec(G, Hz) = 4{tre, vy (X2(1))1 + tre, g (X2(2))2” + 1, pig (x2(22) )2+
trFs/]Fs (XQ("LTS)):LJ]
= 4[0()1 + (x2(2))2? + (x2(1))2® + (xa(2))2]

=4[(1)1 + ()2 + (1)2? + (¢)2]
=4[1 4 42° + 122 + 4x]

=4+ x4+ 42 + 23
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This is the primitive central orthogonal idempotent associated with the sum-

mand F5 assocoated with Hs.

The third quotient is G/Hs ~ G/G and the cyclic quotient is the trivial
group with only the trivial character. By Lemma 6.16 this quotient yields
the primitive idempotent eq = |G|7'[1 + = + 2 + 2% = 4 + 4o + 42* + 423,

This idempotent generates the final summand Fj.

By Theorem 6.17 the Wedderburn decomposition of F5Cy ~ @?:1 F5 and
the primitive central orthogonal idempotents are:

er = 4+ 2z + 22 + 323,

ey = 4+ 3x + 22 + 223,

es =4+ + 422 + 22 and

es = 4+ 4z + 42% + 423,

Thus FsCy ~ @?:1 Fi ~ @?:1 FsCye; ~ @?:1 Fse;.

Next find the idempotents of F5C3. Again ¢ = 5 and n = 4. Let C3 =
{1, 2,y, 2y}.
There are four normal subgroups with cyclic quotients. They are:

Hy ~ (z) of degree k = 2,

Hy ~ (y) giving k = 2,

Hj3 ~ (xy) giving k = 2 and

Hy ~ C3 giving k = 1

If £ = 2, then F5((2) = F5 because the order of 5 (mod 2) is 1.
If kK = 1, then F5((;) = F5 because the primitive 1% root is 1 which is in Fj.

The first quotient is G/Hy, ~ G/{x) ~ Cy. Hy = {1, 2} so the cosets for the
quotient are 1H; = 1{1,z} and yHy = y{1,x}. These cosets are labelled

{1,z}.
The quotient qroups G/Hy, G/Hs and G/Hj are isomorphic to Cy. The

table of irreducible characters of () is:
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classes: |1 =z
sizes: |1 1
X1 1

X2 NG

where ( is a primitive square root of unity in Fs, i.e ( = 4.

The group (G/H;)* of irreducible characters of G/H; is {x1, x2} with gen-
erator xa.

The group (Z/nZ)* = (Z/AZ)* = {1,3} acts on (G/H,)* by m - g = g™.
(@ is the subgroup of (Z/47)* generated by ¢ = 5 = 1 (mod 4) and so Q =
{1}.

Thus the orbits of the elements of (G/H;)* under the action of Q) on (G/H;)*
are {x1} and {x2} with only {x2} containing a generator so we label it C' =

C(G/H,) = {X2}~

Note that the situation for the other two normal subgroups of degree 2 is the
same so will use the same character when establishing the primitive idempo-
tent associated with Hy and Hj.

Thus there are three pairs (Hy,C), (Hs,C) and (Hs, C') where C' = {x}.

By Theorem 6.17 there are then three summands isomorphic to F5 in the
Wedderburn decomposition. The other summand is also F5 which corre-
sponds to the pair (Hy, C(G/G)).

Thus the total decomposition of F5C3 is @;_, Fs.

We can now find the four primitive central orthogonal idempotents.

ec(G, Hy) = |G tre, s (x2(1))1 + tre, ms (X2(2)) 2 + tre,m; (X2(9))y +
tre ms (X2(2Y))2y)

=471+ (Dz + (Qy + ()zy]

=4[1+ 1oz + 4y + doy] = 4+ 4o + y + Y.

F5 has only the trivial automorphism so the Galois conjugate of each element
is just the element itself. Thus ¢r(1) = 1 and ¢r({) = ¢ = 4. Similarly,
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cc(G, Hy) = |G| [tre, e, (x2(1))1 4 tre, 6, (X2(T)) 7 4 tre, /8, (X2(9))y +
tres /s (X2(2Y))zy]

=47 M1+ (Qz + (Dy + (C)zy]

=4[l +4x+ ly+4ay]| =4+ +4y +ay

cc(G, Hz) =|G|~ tre, s (X2 (1)1 4 tre, rs (X2 ()@ + tre, jr, (x2(9))y+
tre, /rs (X2 (7Y)) Y]

=47 (D1 + (O + (Qy + (1)zy]

=4[l +4x + 4y + lay] = 4+ z + y + dxy.

For Hy = G = C%, the primitive central idempotent is ¢¢(G,G) = eq =
4 4+ 4x + 4y + 4xy by Lemma 6.16.

The four central primitive orthogonal idempotents of F5C3 ~ @?:1 F5 are:
fi=4+4x+y+ay,
fo=44+2+ 4y + 2y,
f3=44+2x+y+4xry and
fa =4+ 4z + 4y + 4dxy.

Now every element of F5C3 can be written as a linear combination of these
four primitive idempotents.

Thus for a € F5C% we have o = ay f1 + asfo + asfz + asfs.

Similarly, every element of F;C, can be written as a linear combination of
its four primitve idempotents.

In this way, we can exhibit a ring isomorphism between the two group alge-

bras as follows:
f : IF5C4 — IF5022
frarer + ases + aszes + ageq — arfi + asfo + asfs + asfs.

Note the similarity of the decomposition of F5C% to the decomposition of

F3C% done in Example 6.22. This leads to the following Lemma.

Lemma 6.24. For p odd, F,.C3 ~ @le . O @?:1 Fne; and the primitive

central orthogonal idempotents associated with each summand are:
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zec(G, () =G 1+ 2+ (p— Dy + (p — Dayl,
=ec(G,(y) = G7'1+(p— Dz +y+(p—Dayl,
=co(G, (vy)) = |G| '1 + (p— Dz + (p— 1)y + xy| and
=ec(G,(z,y)) = |G|l + x + y + xy].

Proof. By Lemma 4.25 F,nC3 ~ EB?; Fpn >~ @?:1 Fyn
Let C2 = {1,z,y,2y}. There are 5 normal subgroups but only 4 of these

have a cyclic quotient. They are:

~ (x) of degree k = 2,
(y) also with k = 2,
~ (xy) with k& =2.
~ (x,y) with k = 1.

~

If k = 2, then Fyn((2) = Fyn because the order of p™ (mod 2) is 1
If £ =1, then Fyn(¢;) = Fpn because the primitive 1% root is 1 which is in
Fyn.

p

The table of irreducible characters of (Y is:

classes: |1 =z
sizes: |1 1
X1 1

X2 NG

where ¢ is a primitive square root of unity in Fy»
One such root is { = p—1 because (p—1)(p—1) = p* —2p+1 = 1(mod p).
Thus define ( = p — 1.

The group (G/H;)* of irreducible characters of G/H; is {x1, x2} with gen-
erator ya.

The group (Z/47)* = {1,3} acts on (G/H;)* by m-g = g™.

(@ is the subgroup of (Z/4Z)* generated by ¢ = p .

Now p" is odd so either p” = 1(mod 4) Q = {1} or p" = 3 (mod 4) = Q =
{3,1}.

xi = x1 and x§ = x1.
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X5 = X2 and x3 = x» also.

Thus either way the orbits of the elements of (G/H;)* under the action of Q)
on (G/Hy)* are {x1} and {x2} with only {x2} containing a generator so we
label it C(G/H,).

Note that the situation for the other two normal subgroups of degree 2 is
the same so we will use the same character when establishing the primitive
idempotent associated with Hy and Hs.

Thus there are three pairs (Hy,C), (H2,C) and (Hs, C') where C' = {x2}.
Recall that z is the image of z in the quotient group G/H; and so = = 1,

while §y = 2y = z (the element of order 2 in the quotient group G/H;. So
we have that

ec(G, Hy) = |G [trs, mpn (X2 (1) 1475, /5,0 (X2(Z)) 24750 1,0 (X2(9) )y +
£, B, (X2(7Y))7Y]

=G+ Mz + (Qy + (C)ay]

=G 1+ 12+ (p— Dy + (p — Day].

The extension F,» /F,» has only the trivial automorphism so the galois con-
jugate of each element is just the element itself. Thus tr(1) = 1 and tr(¢) =
¢ = p— 1. Similarly,

ec(G, Ha) = |G| trs 5,0 (X2 (1)) 1478, 0 5,0 (X2(T)) 2 +t78,0 5,0 (X2 (5)) Y+
£, B (X2(7Y))7Y]

=[G+ (Oz + (D)y + (Ozy]

=[G["'1+ (p—Da + 1y + (p — 1)zy]

ec(G, H3) =[trp . /5. (X2(1))1 + trp 0 jrn (X2 (T)) T + 2750 5, (X2(9))y +
trp, /7 (X2 (2Y)) Y]

=[G+ (Oz + (Qy + (Lay]

=[G 1+ (p— D+ (p — Dy + lay].

For Hy = G = C2, the primitive central idempotent is ¢c(G,G) = eq =
|G|7'[1 + 2 + y + zy] by Lemma 6.16 which completes the proof.
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Example 6.25. Consider the elements of Fs2C2 where Fg2 = {0,1,2, a,2a, 1+
a,2+a,1+42a,2+2a} and C2 = {1,2,y,2y}. By Lemma 6.2/ the primitive
central idempotents are 1 + x + 2y + 2xy, 14+ 2x +y + 2zy, 1 + 2z + 2y + 2y
and 1+ x +y + xy. Then each element of F52C3 can be written as a linear
combination of the primitive central idempotents. For example the element
(2+a)l+ (a)z+ (2+a)y + (2)zy can be written as: (1+a)[l+ z + 2y + 2xy]
+ a[l 4+ 2x +y + 2zy| + 2a[l + 22+ 2y + zy] + O[1 + = +y + xy).

In the table which follows, we show the unit group for selected commu-
tative group algebras. We list the Wedderburn decomposition or the decom-
position as the direct sum of group algebras where applicable. Note that p

is an odd prime in this table.
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6.5 Table of U(F'G) for selected group algebras (G abelian)

FG |IFG| Decomposition U(FG) [U(FG)|
FyCh 2 Fy Ch 1
]Fpn Cl pn Fpn Cp"—l pn —1
FQCQ 4 CQ
F3C, 9 @7, Fs C3 4
FQZCQ 16 022 X Cg 12
F5Ch 25 P>, Fs C? 16
F7Ch 49 @ T, C? 36
Fys Cs 64 3 x Cy 56
Fy2Cy 81 @7, Fa C? 64
]F2402 256 Cg X 015 240
Fs2Cy 625 P>, Fs C3, 16
Fys Cs 729 P>, Fss C3% 676
Fpn Ca p* @?:1 Fpn Chni (" —1)?
i Cy 22k CE x Op_q | 2F(2F —1)
FyCs 8 Fy & Fye Oy 3
FgCg 27 CQ X Cg 18
Fy2 Oy 64 P> Fy C3 27
IF503 125 IF5 D IF52 04 X 024 96
F,C, 343 @, T, c3 216
]F2303 012 ]FQS D ]FQG 07 X 063 441
32 Cs 729 Cy x C4 648
FyCy 16 Cy x Cy4 8
F3C, 81 P>, F; © Fs C2 x Cy 32
FyC,y 256 C2 x O x Cy 192
F5C, 625 P, Fs Ct 256

Continued on next page
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Table 3 — continued from previous page

FG |IFG| Decomposition U(FG) |U(FG)|
FyC2 16 c3 8
F3C3 81 D, Fs Cs 16
Fye C2 256 CS x Cy 192
F5C2 625 @D, Fs o 256
FyCs 32 Fy @ Fos Cis 15
F3Cs 243 Fs & Fa Cy x Cyo 160
FyCl 64 FyCh @ FpaCy C3 x Cy 24
F3Cy 729 P7_ | FsCs C2 x ¢4 324
FyCy 128 Fy & @7, Fos C2 49
F3Cf 2187 Fs & Fas Cy x Chag 1452
Fy,Cy 256 C2 x Cy x Cy 128

Fo(Cy x Cy) | 256 CS x Cy 128
Fy(Cy x Cy) | 6561 | @, Fs® @ Fs | Cf x C3 1024

FyC3 256 Cy 128
FyCy 512 Fy & Faz @ Fas Cs x Ces 189
FyC3 512 Fy & @, Fyp C4 81
FyChy 2048 Fy @ Fao Chozs 1023
FsChy 177147 | Fs ® @7, Fss Cy x C2,, 117128

Table 3: Table of U(F'G) for selected group algebras (G

abelian)
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7 Perlis Walker Theorem - Finding U(FG)

If the unit group of a finite semisimple commutative group algebra is all that
is required then a simple method to find this is to use the Perlis Walker
theorem. We do this by finding the Wedderburn decomposition and from
this determine the structure of the unit group.

Before introducing the theorem, there are a few terms to define, some of

which have been defined in earlier Chapters also.

Definition [13] The extension field K of F' is called a splitting field for
the polynomial f(z) € F[z] if f(x) factors into linear factors (or splits
completely) in K[z] and f(z) does not factor completely into linear factors

over any proper subfield of K containing F'.

Definition [13] The element o € K is said to be algebraic over F' if o is a
root of some nonzero polynomial f(z) € F[z]. The extension K/F is said to

be algebraic if every element of K is algebraic over F.

Definition The field F is called an algebraic closure of F if F is algebraic
over F and if every polynomial f(z) € F[z] splits completely in F[z].

Definition [13] Let K be a splitting field of 2™ — 1 € F[z]. A generator

h

of the cyclic group of all n'® roots of unity is called a primitive n'* root of

unity.

The next Lemma gives a method for constructing extension fields formed

by adjoining a primitive root to a field.

Lemma 7.1. [6] Let F be a field of order q and let the algebraic closure of
F be denoted by F. Let (g be a primitive d* root of unity in F and let og
= 04(q) denote the multiplicative order of ¢ (mod d). Then F((4) =~ Fea the
field of order q°*.
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Theorem 7.2. [28] (Perlis-Walker 1950) Let G be a finite abelian group of
order n and let K be a field such that char(K) fn. Then

K~ @,, %, K(G)

where (g denotes a primitive root of unity of order d and ag = [K(?#J)K} In

this formula, ng denotes the number of elements of order d in G.

In words, the theorem states that for each divisor d of |G|, we have aq
direct summands of the extension field K ((;) in the decomposition. We can

find the extension field K((;) by using Lemma 7.1.

Corollary 7.3. [28] Let G be an abelian group of order n and K a field such
that char(K) jfn. If K contains a primitive root of order n then

KG~@®; K.

Proof. If K contains a primitive root of unity of order n, then K({;) = K,
for all d|n. There will be ng copies of K for each divisor d, and so there are

n copies of K in the decomposition.
We can now demonstrate the use of the theorem in the following examples.

Example 7.4. Fy:C5.
|G| =n = 3. There are two divisors of 3, namely 1 and 3.

Fgs((1) = Fas because Fys contains a 15 root of unity.

ay = —[K(Zl):K] = % = 1. Thus we get one copy of the field IF(gsy.

Fo3(C3) = Fas)2 = Fas because the multiplicative order of 8 (mod 8) is 2 .
That is 8 = 64 =1(mod 3).

ns3 2

43 = K(GyK] — 2

= 1. Thus we get one copy of the field I (g3y2.
Thus the Wedderburn decomposition of FysCsy is Fas @ Fiosye.

Example 7.5. FyCy.
|G| =n = 9. There are three divisors of 9, namely 1, 3 and 9.
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=]

2(¢1) = Fy and there is only one copy of this field in the decomposition.
Fo((3) = Fye because the multiplicative order of 2 (mod 3) is 2 . That is 22
4 =1(mod 3).

ag = —[K(?;):K] = % = 1. Thus we get one copy of the field Fa2.

Fy(Co) = Fys because the multiplicative order of 2 (mod 9) is 6 . That is 2°
=64 =1(mod 9).

ag = —[K(g’):K] = g = 1. Thus we get one copy of the field Fas.

Thus the Wedderburn decomposition of FoCy 1s Fo & Foz & Fas.

Example 7.6. FyC?

|G| =n = 9. Again, there are three divisors of 9, namely 1, 3 and 9. How-
ever, this time there are 8 elements of order 3 and zero elements of order 9.
Fy((1) = Fy and there is only one copy of this field in the decomposition.
Fy(¢3) = Fa2 because the multiplicative order of the field (mod 3) is 2. That
is22 =/ =1 (mod 3).

az = [K(?ﬁ = % = 4. Thus we get four copies of the field Foe.

Thus the Wedderburn decomposition of FoC3 is Fy & @le Fae.
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7.1 A General Approach

Instead of dealing with specific group algebras we can generalise the results
by applying them to arbitrary fields of order p™ (mod exponent(G)) where
GG is an abelian group. This systematic approach will look at each abelian
group in turn, outlining the group’s elements and their orders. Then we can
classify the possible group algebras according to the order of the field (mod
the exponent of the group). In this way, we can list the general decomposition
for each class of field where Maschke’s Theorem applies. If Maschke’s theorem
does not apply then we can use Theorem 5.15 to give the structure of the

unit group.

A further two corollaries to the Perlis Walker Theorem will help us with this

process.

Corollary 7.7. Let G be a finite abelian group of order n and exponent e.
Let K be a field such that char(K) fe. Then

KG ~ @, D2, K(Ca), where (g denotes a primitive d"™ root of unity,

aqg = [K(?ﬁ and ng denotes the number of elements of order d in G.

Proof. The exponent e is a factor of n = |G|. char(K) is a prime and so if

char(K) fe, then char(K) fn and so Perlis Walker’s Theorem applies. Thus

KG ~ @d\n Dii K(Ca)-

Now if d; is a divisor of n such that d; fe, then ng, (the number of elements
0o _

K ® = 0

Thus there will be no summands in the decomposition resulting from divisors

of |G| that do not divide e.

As a result we have KG ~ @, @<, K(Ca)-

of order d;) = 0 = a4, =

Corollary 7.8. Let G be an abelian group of order n and exponent e. Let
K be a field such that char(K) fe. If K contains a primitive root of order e
then

KG~@®; K.
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Proof. 1If K contains a primitive root of unity of order e, then K((;) = K, for
all d|e. There will be ng copies of K for each divisor d, and all of the elements
of G are divisors of e, and so there are n copies of K in the decomposition.
Note that Corollary 7.8 is G. Higman’s Theorem from 1940 [16].

Recall Lemma 7.1 states that F'((;) >~ Fea the field of order ¢°¢ where (4
is a primitive d'* root of unity in F and oy = 04(g) denotes the multiplicative
order of ¢ mod d.

A corollary to Lemma 7.1 now allows us to use all of these results to deter-

mine the decomposition of whole classes of group algebras.

Corollary 7.9. For a group G with exponent e, the degrees of the field exten-
sions in the Wedderburn decomposition will be the same for all group algebras
arising from fields whose orders are equivalent (mod e). Let F be a field of
order q. Let G be an abelian group of order n and exponent e.

Let ¢ = r(mod e) and let d be a divisor of e. Then ¢ = r(mod d) and 04(q)
= o04(r).

Proof. Let (; be a primitive d* root of unity in £ and let o4 = 04(q) denote
the multiplicative order of g(mod d).

q = r(mod e) = q =1 +ke for some k € Z. d is a divisor of e = e = dl for
some [ € Z. So we can write ¢ = r +kdl = r +md (where m = kl) and so ¢
= r(mod d).

Thus the multiplicative order of ¢(mod d) = the multiplicative order of r(mod

d) and we can write it as 04(q) = 04(r).

Example 7.10. Consider the group algebras of Cs with fields of order 8, 5
and 2.
8= 5= 2(mod 3). FysC5 ~ Fos @ Fasy2. Similarly F5C5 ~ F5 @ F5)2. Also
FoC3 =~ Fy @ Fg)2.

Using this method, it quickly becomes apparent that when ¢ = 1(mod
e) or ¢ = -1(mod e) that we get certain Wedderburn decompositions. The

following pair of Lemmas confirm this and using these two results we will cut

down on our work still further.
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Lemma 7.11. Let F' be a field of order q. Let G be an abelian group of order
n and exponent e. Then if ¢ = 1(mod e), FG ~ @], F.

Proof. Since ¢ = 1(mod €), char F' [ e.
g =1(mod e) = e| q¢—1. But F* ~ C,_; and e divides ¢ — 1, and so F
contains a primitive ' root of unity. Thus by Corollary 7.8 FG ~ @, F.

Lemma 7.12. Let F' be a field of order q and let G be an abelian group of
order n and exponent e. Let m be the number of elements of order dividing

2in G. Then if ¢ = -1(mod e), FG ~ @], F, & @Z(ZIT")/Q Fp.

Proof. First of all

F,((1) = F, because F, contains a 1% root of unity. a; = =1=1

KGR = 1

Thus we get one copy of F} associated with the element of order 1.

Now g = -1(mod e) so by Corollary 7.9, ¢(mod d) = —1(mod d). Also 04(q)
= 04(—1). When d = 2 we have that (—1)! = 1(mod 2) and so 0y(q) = 1.
And so we will get a copy of the field Fj for each element of order 2. Note
if m is the number of elements of order dividing 2, there are m — 1 elements

2 — m=l — 1 1 Thus

of order 2 (i.e. we exclude the identity). a2 = 57 T

we get m — 1 copies of Fj, associated with the elements of order 2. Combined

with the other copy of F} for the identity we have m copies of F| so far. That
is @i Fy-

Now if d > 2, we do not have (—1)! = 1(mod d) because if d > 2 and (—1)!
= 1(mod d) we have —1' = 1(mod d) = —2' = 0(mod d) = 2! = 0(mod d)
= d = 2 which contradicts that d > 2.

However for all of the other elements of order d (i.e. d > 2) in the group we
do have that (—1)? = 1(mod d) and there are n —m of these elements. Thus

there are (n-m)/2 copies of the field F in the decomposition.
Thus FG ~ @ | F, @ @ Ey

=1 qc:

Example 7.13. Let FG be F7(Cy x Cy x Cg) and FH be F7(C3). Then
G has 22 = 8 elements of order dividing 2, and so does H. Thus m = 8.
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Also 7= -1(mod 8) and 7 = -1(mod /) and so for both group algebras the
decomposition is @?:1 F; & @5141_8)/2 Fo2 by Lemma 7.12.
That is F7(Cy x Cy x Cg) ~ F7(C3) ~ @°_ | Fr & D, Fpo.

Theorem 7.14. Given two non-isomorphic abelian groups G and H each
with order n, and a field F of order q such that ¢ = 1(mod n), then FG ~
FH.

Proof. ¢ = 1(mod n) = n | q—1. But F’* ~ C,_; and n divides ¢ — 1, and
so F' contains a primitive n'® root of unity. Thus by Corollary 7.3 FG ~
@), F. Similarly FH ~ @} | F. Thus FG ~ FH.

Example 7.15. Let G = Cg and let H = Cy x Cy. Let F' = Fs2. Then by
Lemma 7.1 F32Cy ~ F32(Cqy x Cy).

Example 7.16. Let G = Cy and let H = C% . Let F = F19. Then by Lemma
714 Flgcg >~ Flgcg.

Conjecture If FG ~ FH and G and H are non-isomorphic abelian groups
of order n, then ¢ = 1(mod n) where |F| = q.

This conjecture is false. The minimum counterexample is the following pair

of group algebras:

F5012 ~ F5(CQ X 06) (2 @?:1 Fg, D @?:1 F52) but ’F| = 5(m0d 12)
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7.2 U(FG) where Maschke’s Theorem does not apply

Now we look at the non-Maschke cases. Again let G be an abelian group.
Let p be the characteristic of the field and let e be the order of the group.

Let the prime decomposition of e be q]fl ..... q?" p" and let G ~ Hy; x Hy where

In this case we find (F'Hy)H,. For the group algebra F'H; Maschke’s theorem
applies, and we can decompose F'H; into its Wedderburn decomposition using
the rules given above. Thus we are left with a sum of group algebras of the
form F"Hy where F’ is an extension of the field F' and so F’ will also have
characteristic p. Now there are two distinct scenarios. If Hs is an elementary
abelian p-group then we can use Lemma 4.31 to find the structure of the

unit group.
Recall that Lemma 4.31 states that
U(FCr) =~ Cp7" Y x Cpi_y.

If on the other hand H, is not an elementary abelian p group, but is a different
type of abelian p — group then we can use Theorem 5.15 to find the structure

of the unit group.

m

Recall that Theorem 5.15 states that if F'G is the group algebra IE‘pn(Hl ),
then -

U(FG) ~ L—IlC;(IG/ker(sz‘—l)\—Q\G/’C@T(dh)\+\G/ker(¢i+1)|) X Chyn_y
where ¢;(g) :Z;pi Vged.

Also we can find the order of each F'H, by the following Lemma.

Lemma 7.17. [9] If F is a finite field of order p* and G is a finite abelian
p—group of order p”, then the group of normalised units V' is a finite abelian
p — group of order |F|I°I"1 and ezponent dividing p". Thus |U(FG)| =
(P " - 1).
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7.3 The Unit Groups

Now we can begin to find the unit group of abelian group algebras for specific
groups and generalise our results to all fields. In each of the following let ¢

denote the order of the field.

Lemma 7.18. Let FG ~ FqCsy. Then:
If ¢ = 0(mod 2), the unit group U ~ U(F,Cs) >~ C3 x Con_;.
If ¢ = 1(mod 2), then F,Cy ~ @._| F,.

Proof. By Corollary 7.9 we only need to look at fields of order g(mod 2).
If ¢ = 0(mod 2), then ¢ = 2™. Maschke does not apply so there is no Wed-
derburn decomposition but by Lemma 4.31 the unit group U ~ U(F,Cy) ~
CY x Con_;.

If ¢ = 1(mod 2), then F,Cy ~ @7, F, by Lemma 7.11.

Lemma 7.19. Let FG ~ FqCs. Then:
If ¢ = 0(mod 3), the unit group U(F,C3) ~ C§ x Csn_y where ¢ = 3",
If g = 1(mod 3), then F,Cy ~ @._| F,.
If ¢ = 2(mod), then F,C5 >~ F, & Fp.

Proof. Again we need only check fields of order ¢ (mod 3). Let Cj be

element ‘ 1 ‘ X ‘ x?

order |13/ 3

If ¢ = 0(mod 3), then ¢ = 3". By Lemma 4.31 the unit group U(F,C;) ~
Cy x Cgn_y.

If ¢ = 1(mod 3), then F,C5 ~ @} | F, by Lemma 7.11.

If ¢ = 2(mod 3), then F,C5 ~ F, & Fp2 by Lemma 4.16 or Lemma 7.12.

Lemma 7.20. Let FG ~ FqCy. Then:

If ¢ = 0(mod /), then U(FguCy) ~ C3 x C} X Con_y where g = 2", n
> 2.

If g = 1(mod 4), then F,Cy ~ @F_|F,.

If ¢ = 2(mod /), then U(FoCy) ~ Cy x Cy.

If ¢ = 3(mod 4), then F,Cy ~ EB?:l]Fq ® Fp.
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Proof. Let the elements of Cy be
element ‘ 1 ‘ X ‘ x2 ‘ x3

order ‘1‘4‘2‘4

If ¢ = 0(mod 4), then ¢ = 2" with n > 2. Maschke does not apply so there is
no Wedderburn decomposition. However, we can still determine the structure
of the unit group and by Lemma 5.8, U(F3.Cy) >~ CF x C} x Con_;.

If ¢ = 1(mod 4), then F,C, ~ @le F, by Lemma 7.11.

If ¢ = 2(mod 4), then ¢ = 5 is the only possible field. U ~ V x F* ~ V.
Cy is a 2-group and so by Lemma 5.3, V is an abelian group of exponent
dividing 4, and |V| = 8. Further Cj is a subgroup of V and so there is only
one group which satisfies those citeria, and we have U(F,Cy) ~ Cy x Cy.

If ¢ = 3(mod 4), then by Lemma 7.12, F,Cy ~ @?:1 F, @ F 2 because there

are 2 elements of order dividing 2 in Cj.

Lemma 7.21. Let FG ~ F,C3. Then:
If ¢ = 0(mod 2), then the unit group is C’S” X Con_1 where ¢ = 2", n >

If ¢ = 1(mod 2), then F,C3 ~ @, ,F,.

Proof. 1f ¢ = 0(mod 2), then ¢ = 2" with n > 1. By Lemma 4.31 the unit
group is C5" x Con_;.
If ¢ = 1(mod 2), then F,C3 ~ @._,F, by Lemma 7.11.

Lemma 7.22. Let FG ~ FqCs. Then:
If ¢ = 0(mod 5), then the unit group is C¥ X Csn_q, where ¢ = 5™.
If g = 1(mod 5), then F,Cs ~ @._, F,.
If ¢ = 2(mod 5), then F,C5 ~ Fy @ Fpa.
If ¢ = 8(mod 5), then FCs ~ Fy @ Fa.
If g = 4(mod 5), then F,Cs ~F, ® @7, Fp.

Proof. Let Cs be
element ‘ 1 ‘ X ‘ X

order [1]5|5 |55

2‘3‘4
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If ¢ = 0(mod 5), then ¢ = 5". By Lemma 4.31 the unit group is Cf* x Csn_;.
If ¢ = 1(mod 5), then F,C5 ~ @°_, F, by Lemma 7.11.

If ¢ = 2(mod 5), by the Perlis Walker Theorem, we take the divisors d of
|C5], and find the order of g(mod d). The only divisor of |Cs| is 5, and 2* =
1(mod 5) and so the field extension is Fp. Thus F,Cs ~ F, & Fa.

If ¢ = 3(mod 5), then by Perlis Walker we have ¢* = 1(mod 5), and so F,Cs
~F, @ Fga.

If ¢ = 4(mod 5), then F,Cs ~ F, © @7, F,» by Lemma 7.12.

Lemma 7.23. Let FG ~ F,Cgq. Then:

q # 0(mod 6).

If g = 1(mod 6), then F,Cs ~ @°_| F,.

If ¢ = 2(mod 6), then F,Cg >~ FynCy & Fyn2Cy =~ FynCy & Fo2nCy and
the unit group is C% x Con_y x C3" X Chyn_y ,where ¢ = 2", n odd.

If ¢ = 3(mod 6), then the unit group is C} X Csn_y X C} X Csn_y ,
where ¢ = 3™.

If ¢ = 4(mod 6), then the unit group is C3" x Cs._,, where ¢ = 2".

If ¢ = 5(mod 6), then F,Cs ~ @ F, © @._,Fp.
Proof. Let the elements of Cy be as follows
2 ‘ 3 ‘ 4 ‘ 5

element‘l‘x‘x X

order [1]6|3 2|36

X X

To decompose this group algebra as a sum of group algebras we use the fact
that Cy ~ Cy x Cs.

Clearly ¢ # 0(mod 6) because the order of a field cannot be a composite
number.

If ¢ = 1(mod 6), then F,Cs ~ @° | F, by Lemma 7.11.

If ¢ = 2(mod 6), then F,Cy ~ (F,C3)Cs =~ (F, & F;2)Cy [because q = 2(mod
6) = q = 2(mod 3)] ~ F,Cy & F,2Cs.

If ¢ = 2(mod 6) then ¢ is an even number and a power of a prime = ¢ =
0(mod 2). Also ¢* = 0(mod 2).

Looking at the powers of 2, we have 2 = 2(mod 6). 2% = 4(mod 6). 23 =
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2(mod 6), and the cycle begins again. Thus the consecutive powers of 2 are
alternately 2(mod 6) and 4(mod 6). We can say that for ¢ = 2(mod 6) then
q must be of the form 2" with n odd. For example if n = 3, then ¢ = 32.
Letting ¢ = 2", the group algebra is isomorphic to FornCy @ Fy2.Cy and the
unit group is CF x Cyn_y x C2" X Chen_; by Lemma 4.31.

If ¢ = 3(mod 6), then F,C ~ (F,C5)Cs =~ (7, F,)Cs [because ¢ = 3(mod
6) = q = 1(mod 2)] ~ @?:1 F,Cs. Now ¢ = 0(mod 3), and so ¢ is a power
of 3. Letting ¢ = 3", the unit group is C§ x Csn_y X CF x Csn_q by Lemma
4.31.

If ¢ = 4(mod 6), then F,Cs ~ (F,C5)Cy ~ (2, F,)C, [because ¢ = 4(mod
6) = ¢ = 1(mod 3)] ~ @;_, F,C,. Now g = 4(mod 6) = ¢ = 0 mod 2, so
q is a power of 2. Letting ¢ = 2", the unit group is Hf’zl(()g X Cayn_1) by
Lemma 4.31. This is C3" x Cs._;.

If ¢ = 5(mod 6), then F,Cs ~ @7, F, @ @, Fpz by Lemma 7.12.

Lemma 7.24. Let FG ~ FqCr. Then:
If g = 0(mod 7), then the unit group is C7 x Cwm_y, where ¢ = T".
If ¢ = 1(mod 7), then F,C7 ~ @Z:qu'
If g = 2(mod 7), then F,C; ~F, ® @7 Fp.
If ¢ = 3(mod 7), then F,C7 ~ Fy @ F.
If g = 4(mod 7), then F,C7 ~ F, & @?Zqua.
If ¢ = 5(mod 7), then F,C7r ~ F, @ Fe.
If g = 6(mod 7), then F,C; ~F, ® @} Fp.
Proof. Let the elements of C;7 be as follows
2‘X3‘X4‘X5‘ 6

element‘l‘x‘x X

order  |1/6]6[6]6]|6]¢

If ¢ = 0(mod 7), then ¢ = 7". By Lemma 4.31 the unit group is C7 x Cn_;.
If ¢ = 1(mod 7), then F,C7 ~ @Zzl F, by Lemma 7.11.

If ¢ = 2(mod 7), then we use the Perlis Walker Theorem. Note that the
exponent of G is 7, and the only divisors are 1 and 7. We find that o7(2) =
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3, and there are 6/3 = 2 copies of Fys in the direct summation. Then F,C5
~ Fy @ @?:1 Fgs.-

If ¢ = 3(mod 7), we have 07(3) = 6, and there is 6/6 = 1 copy of Fs in the
summand. Thus F,C7 ~ F, © Fe.

If ¢ = 4(mod 7), we have 07(4) = 3, and there are 6/3 = 2 copies of Fys in
the summand. Thus F,Cr ~ F, & @7, F,.

If ¢ = 5(mod 7), 07(q) = 6 = Fy(¢7) = Fys and there is 6/6 = 1 copies of Fys
in the summand. Thus F,C7 ~ F, @ F.

If ¢ = 6(mod 7), then 07(q) = 2 = F,(¢7) = F,2 and there are 6/2 = 3 copies
of F2 in the summand. Thus F,C7; ~ F, © @?:1 F,2. Alternatively we can
use Lemma 7.12 when g = 6(mod 7).

Lemma 7.25. Let FG ~ FqCg. Then:

If ¢ = 0(mod 8), then U ~ C3™ x C3 x O3 x Con_y, where ¢ = 2", n
> 3.

If g = 1(mod 8), then F,Cy ~ @:_, F,.

If ¢ = 2(mod 8), then U(FyCyg) ~ Cg x Cy x C3.

If ¢ = 3(mod 8), then F,Cs ~ @ F, & @, Fp.

If ¢ = 4(mod 8), then U ~ U(F2Cs) ~ C5 x C3, x C3 x Cs.

If g = 5(mod 8), then F,Cs ~ @, | F, ® @7, Fp.

q # 6(mod 8).

If ¢ = 7(mod 8), then F,Cs ~ @, F, & @, Fp.

Proof. Let the elements of Cg be as follows

2‘ 3‘ 4‘ 5‘X6‘X7

element ‘ 1 ‘ X ‘ X
order |1]8|4|8[2]8][4]s

If ¢ = 0(mod 8), then ¢ = 2" with n > 3. Maschke does not apply. However
by Lemma 5.18 U ~ 6’22” X O X Cfy x Con_y.

If ¢ = 1(mod 8), then F,Cs ~ @?:1 F, by Lemma 7.11.

If ¢ = 2(mod 8), then the only possible field is Fy and by Lemma 5.6 U(F,Cy)
~ Cg X 04 X 022
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If ¢ = 3(mod 8), then we use Perlis Walker to establish the decomposition.
The divisors of 8 are 1, 2, 4 and 8.

For d = 8, we have 3* = 9 =1(mod 8) so F,((s) ~ F,2 and there are 4/2 =
2 copies of Fg.

For d = 4, we have 3% = 9 =1(mod 4) so F,({4) ~ F
copy of 2.

For d = 2, we have 3 = 1 (mod 2) so F,((3) ~ I, and there is 1/1 = 1 copy
of F,. The other summand is F, from the element of order 1.

Thus F,Cs ~ @7, F, © @), Fpe.

.2 and there is 2/2 = 1

If ¢ = 4(mod 8), then the only possible field is Fy2. By Lemma 5.18 we get
U~ U(FpCs) ~ Cy x C% x Cz x Cs.

If ¢ = 5(mod 8), then

For d = 8, 5% = 25 =1 (mod 8) and there are 4/2 = 2 copies of F .
For d = 4, 5 =1(mod 4) and there are 2/1 = 2 copies of F,.

For d = 2, 5 =1(mod 2) and there are 1/1 = 1 copy of F,,.

The other summand is [F, from the element of order 1.
Thus F,Cs ~ P}, F, ® @7, Fp.

Clearly q # 6(mod 8).
If ¢ = 7(mod 8), then by Lemma 7.12 F,Cs ~ @> | F, @ @}, F.
Lemma 7.26. Let FG ~ F,C3. Then:

If ¢ = 0(mod 2), then the unit group is C3" x Con_y, where ¢ = 2" n >

If g = 1(mod 2), then F,C3 ~ @} | F,.
Proof. The exponent of this group is 2.

If ¢ = 0(mod 2), then ¢ = 2" with n > 1. By Lemma 4.31 the unit group is
an X 02"—1-

If ¢ = 1(mod 2), then F,C3 ~ @ | F, by Lemma 7.11.
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Lemma 7.27. Let FG ~ Fq(Cqa x Cy4). Then:
If ¢ = 0(mod 4), then U ~ C3" x C} x Cyn_y, where ¢ = 2" ;n > 2.
If ¢ = 1(mod 4), then F,(Cy x Cy) ~ @}, F,.
If ¢ = 2(mod 4), then U ~ C5 x Cj.
If ¢ = 3(mod 4), then F (Cy x Cy) =~ @le F, ® @?:1 Fp2. The unit

oo 2
group is Cq_y X Cez_ ;.

Proof. Let the elements of Cy x Cj be

element‘1‘X‘X2‘X3‘y‘xy‘x2y‘x3y
order [1]4|2|4|2[4] 2|4
If ¢ = 0(mod 4), then ¢ = 2" with n > 2. Maschke does not apply.

However, by Lemma 5.7 U ~ C5" x C} x Con_;.
If ¢ = 1(mod 4), then F,(Cy x Cy) ~ @}, F, by Lemma 7.11.
If ¢ = 2(mod 4), then the only possible field is Fy and by Lemma 5.7, U ~
C5 x Cy.
If ¢ = 3(mod 4), then F (Cy x Cy) ~ @?:1 F, ® @?:1 F, by Lemma 7.12.

The unit group is C§_1 X 032_1.

Lemma 7.28. Let F'G ~ F,Cg. Then:

If ¢ = O(mod 9), then U ~ C5™ x Cg" x Csn_y, where ¢ = 3" ,n > 2.

If ¢ = 1(mod 9), then F,Cy ~ @,_, F,.

If g = 2(mod 9), then F,.Cy ~F, & Fp2 & Fys. The unit group is Cy—q %
Cp—1 X Cp_y.

If ¢ = 3(mod 9), then U ~ C§ x C% x Cs.

If ¢ = 4(mod 9), then F,Co = @} F, & @:_,Fps. The unit group is (G5
X 053_1.

If g = 5(mod 9), then F,Cy ~ F, & Fp2 @& Fys. The unit group is Cy_q X
Cyprqg X Cus_y.

q # 6(mod 9).

If g = 7(mod 9), then F,Co ~ @F | F, & @:_,Fps. The unit group is (G5
x C%_,.

If g = 8§then F,Cy ~ I, @ @?:1 Fp2. The unit group is Cq—q1 X 032_1.
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Proof. Let the elements of Cy be

element‘l‘x‘xz‘ 3‘ 4‘ 5‘X6‘X7‘X8

order  [1]9]9|3]9]0o[3][9]o9

If g = 0(mod 9), then ¢ = 3™ with n > 2. Maschke does not apply. However,
by Lemma 5.11 U ~ C§" x C3" X Czn_;.

If ¢ = 1(mod 9), then F,Cy ~ @_, F, by Lemma 7.11.

If ¢ = 2(mod 9), then as by Example 7.5 and Corollary 7.9, F,Cy >~ F, & F 2
@ Fse. The unit group is Cy—1 X Cp_y X Cp_q.

If ¢ = 3(mod 9), then the only possiblility for the field is F3 as all larger
powers of 3 will be multiples of 9 and so will be = 0(mod 9). Maschke does
not apply. However, by Lemma 5.11 U ~ Cj x Cg x Cy.

If ¢ = 4(mod 9), then 4* = 1(mod 9) and there are 6/3 = 2 copies of Fs.
Also 4 = 1(mod 3) and there are 2/1 = 2 copies of F, plus another copy of
[F, for the identity element.

Thus F,Cy ~ @;_, F, & @, Fy. The unit group is C2_; x Cxh_y.

If ¢ = 5(mod 9), then 5% = 1(mod 9) and there is 6/6 = 1 copy of Fs.
Also 5% = 1(mod 3) and there is 2/2 = 1 copy of F,2 plus another copy of F,
for the identity element.

Thus F,Cy ~ F, @ Fp2 @ Fge. The unit group is Cy—y X Cpa_q X Cyps_y.

Now q # 6(mod 9) as all powers of 3 will be either equivalent to 0(mod 9)
or 3(mod 9).

If ¢ = 7(mod 9), then 7 = 1(mod 9) and there are 6/3 = 2 copies of Fzs.
Also 7 = 1(mod 3) and there are 2/1 = 2 copies of F, plus another copy of

[F, for the identity element.
Thus F,Cy ~ @;_, F, & @, Fy. The unit group is C2_; x Cx_y.

If g =8 = -1(mod 9), then (—=1)> = 1 (mod 9) and there are 6/2 = 3 copies
of qu.
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Also 8 = 2 (mod 3) = -1(mod 3) then (—1)? = 1 (mod 3) and there are 2/1 =
2 copies of ;2 plus another copy of IF, for the identity element. Alternatively
we can use Lemma 7.12. Either way we have F,Cy ~ F, © @le F,2. The

. . 4
unit group is Cy—1 X qu_l.

Lemma 7.29. Let FG ~ F,C3. Then:

If ¢ = 0(mod 3), then the unit group is C’§" X Csn_1, where ¢ = 3™ with
n > 1.

If ¢ = 1(mod 3), then F,C3 ~ @) | F,.

If ¢ = 2(mod 3), then the unit group is Cy—y X C’;é_l.

Proof. 1f ¢ = 0(mod 3), then ¢ = 3" with n > 1. By Lemma 4.31 the unit
group is C§" X Cin_;.

If ¢ = 1(mod 3), then F,C% ~ @;_, F, by Lemma 7.11.

If ¢ = 2(mod 3), then by Lemma 7.12, F,C3 ~F, & @?:1 [F 2 because there
is only one element of order dividing 2 in G, namely the identity. The unit

group is Cy_1 X C’;é_l.

Lemma 7.30. Let FFG ~ FqCyo. Then:

q # O0(mod 10)

If g = 1(mod 10), then F,C1y ~ @ilil F,.

If ¢ = 2(mod 10), then the unit group is 025(4%3) X Coan-3_1 X Coaan—3)_1,
where ¢ = 2473 forn > 1.

If ¢ = 3(mod 10), then F,Cyp ~ @?:qu ® @?:1 Fy and the unit group is
Cyy x C2_y.

If g = 4(mod 10), then U ~ 03(4"72) X Coin-2_1 X Clyyn s
2472 form > 1.

If ¢ = 5(mod 10), then the unit group is 052(4n) x CZ._,, where ¢ = 5".

If ¢ = 6(mod 10), then the unit group is C5™ x C3._, ,where ¢ = 2*" forn
> 1.

If g = 7(mod 10), then F,Cp ~ @?:1 F, & @?:1 Fs and the unit group is
Ci i x Ch_y.

If ¢ = 8(mod 10), then U ~ 6’25(4n_1) X Coan-1_1 X Cosan—1y_,, where ¢ =

_,» where g =
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24n=1 form > 1.
If ¢ = 9(mod 10), then the unit group is 03—1 X 032_1.

Proof. Let the elements of Cjy be
element ‘ 1 ‘ X ‘XQ ‘

order  |1[10|5[10] 5|2 |5[10]|5 |10

We can write Cig ~ Cy x Cs.
For fields of even order, the order of the field must be a power of 2.
Note that 2! = 2(mod 10), 22 = 4(mod 10), 23 = 8(mod 10), 2* = 6(mod
10), and then we go back full circle because 2° = 2(mod 10).
As a result, 2! = 2° = 29 = 273 = 2(mod 10) for n > 1.
Similarly, 22 = 26 = 219 = 2472 = 4(mod 10) for n > 1.
Similarly, 23 = 27 = 21! = 24"~1 = 8(mod 10) for n > 1.
Finally, 2* = 2% = 212 = 24" = 6(mod 10) for n > 1.
We use this in the following descriptions of the unit groups for different fields.

Now q # 0(mod 10) because q must be a power of a prime.
If ¢ = 1(mod 10), then F,Cyo =~ @gl F, by Lemma 7.11.

If ¢ = 2(mod 10), then F,Cyp ~ (F,C5)Cy ~ (Fy ® Fa)Cy >~ F,Cy @ FpuCo.
Now q must be a power of 2, and from the above calculation we can write q
as 24773 for n > 1.

By Lemma 4.31 the unit group is (]25(4”—3)

X 0247173_1 X 024(471—3)_1.

If ¢ = 3(mod 10), then by Perlis Walker,

For d = 10, 3* = 1(mod 10) and there is 4/4 = 1 copy of F .

For d = 5, 3* = 1(mod 5) and there is 4/4 = 1 copy of F .

For d = 2, 3 = 1(mod 2) and there is 1/1 = 1 copy of FF,.

For d = 1, we have a copy of F,,.

Thus F,Co ~ @._, F, & @._, F,« and the unit group is €2 ; x CZ_y.

If ¢ = 4(mod 10), we use the same method as for ¢ = 2(mod 10) except here

An—2

q can be written as 2*"2 for n > 1. The unit group is C’25( ) X Chn-s_,
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2
X 022(4n72)71 .

If ¢ = 5(mod 10), then F,Cyg ~ (F,C5)C5 ~ (F, & F,)Cs ~ F,C5; & F,Cs.
Now ¢ must be a power of 5.

By Lemma 4.31 the unit group is C2*” x C2, .

If ¢ = 6(mod 10), we use the same method as for ¢ = 2(mod 10) except here

q can be written as 24" for n > 1. U ~ C5™ x C5._, ,where ¢ = 24",

If ¢ = 7(mod 10), then by Perlis Walker,

For d = 10, 7* = 1(mod 10) and there is 4/4 = 1 copy of Fa.

For d =5, 7 = 2(mod 5) and 2* = 1(mod 5). There is 4/4 = 1 copy of F .
For d = 2, 7 = 1(mod 2) and there is 1/1 = 1 copy of IF,.

For d = 1, we have a copy of F,,.

Thus F,Co ~ @._, F, & @._, Fy and the unit group is €2 ; x CZ_y.

If ¢ = 8(mod 10), we use the same method as for ¢ = 2(mod 10) except here

4n—1)

q can be written as 2%"~! for n > 1. The unit group is C’;’( X Coin—1_1

X 024(471—1)71 .

If ¢ = 9(mod 10), then F,Cyo ~ @, F, ® @, ,Fp by Lemma 7.12. The

. . 2 4
unit group is qul X Cqu

Note that for FG ~ F4Cy1, the decompositions and the unit groups are
in the table which follows this section. The method used here is the same as
for other cyclic groups where the order is a prime. We use Perlis Walker and
find the order of q (mod 11).

Lemma 7.31. Let F'G ~ FqCqa. Then:

q # O(mod 12).

If ¢ = 1(mod 12) then F,Cyy ~ @2, F,.

If ¢ = 2(mod 12), then the unit group of FoCly is C3 x C3 x Cs.

If ¢ = 3(mod 12), then F,Cy ~ @?:1 F3n.C3 @ F32.C3. The unit group is
C8" x C2,_, x Cs2n_y, where ¢ = 3" for n odd.

If ¢ = 4(mod 12), then U(@;_ FouCy) =~ C3* x C¥" x C3._,, where ¢ =
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2" for n even.

If ¢ = 5(mod 12), then F,Ciy ~ @?ZIIFQ o @le Fp. The unit group is
C’;‘_l X C;*Q_l.

q # 6(mod 12).

If ¢ = 7(mod 12), then FyChy ~ @le F, ® @?:1 Fp2. The unit group is
Coy x C2_y.

If g = 8(mod 12), then U(FgnCy ® Fg2nCy) =~ CF x CF x Con_y x C2" x O3
X Cyzn_y == C5" X C3" X Cogn_1 X Cozn_y. Thus |U| = (2°77)(2"—1)(2*" 1),
where ¢ = 2" forn odd and n > 3.

If ¢ = 9(mod 12), then the unit group is Cgl(?n) X 032n_1 X C32n_y, where q
= 3" for n even.

q# 10(mod 12).

If ¢ = 11(mod 12), then F,Cia ~ @?:1 F, ® @?:1 F 2 and the unit group is

2 5
Coo1 X Coay.

Proof. Let the elements of C}5 be

11

element‘l‘X‘XQ‘ 3‘)(4‘)(5‘)(6‘ 7‘ 8‘X9‘X10‘X

order |[1[12]6 4|3 [12|2]12|3 |46 |12

If |F'|(mod 12) is an even number, then the order of the field must be a power
of 2.

Note that 2! = 2(mod 12), 22 = 4(mod 12), 23 = 8(mod 12) and then we go
back to 4 again because 2* = 4(mod 12).

As a result, 22 = 2% = 26 = 2" = 4(mod 12) for n even.

Similarly, 23 = 2° = 27 = 2" = 8(mod 12) for n odd where n > 3.

Note that this forces all of the powers of 2 (> 1) to be either = 4(mod 12)
or = 8(mod 12), and so in particular we cannot have ¢ = 6(mod 12) or ¢ =
10(mod 12).

Similarly, if |F'|(mod 12) is a multiple of 3, then the order of the field must
be a power of 3.

Note that 3! = 3(mod 12), 32 = 9(mod 12), 3* = 3(mod 12) and 3* = 9(mod
12). This forces all of the powers of 3 to be either = 3(mod 12) or = 9(mod
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12).
As a result, 3' = 3% = 3° = 3" = 3" = 3(mod 12) for n odd.
And 3% = 3* = 35 = 3" = 9(mod 12) for n even.

We use this in the following descriptions of the unit groups.

Now ¢ # 0(mod 12) because ¢ cannot be a multiple of 12 as 12 is a composite

number and ¢ must be the power of a prime.
If ¢ = 1(mod 12) then F,Cyy ~ EBllil F, by Lemma 7.11.

If ¢ = 2(mod 12), then there is only one possible field. That is Fs.

FyCho ~ (FyC3)Cy =~ (Fy @ Fg2)Cy ~ FoCy & FaCy.

From our study of the group algebras of C} earlier we know that the unit
groups of these two summands are Cy x Cy and C3 x C% x Cj respectively.
Thus the unit group of FyCl, is the direct product of these two which is C3
x C3 x Cs.

If ¢ = 3(mod 12), then F,Cyy ~ (F,C1)Cs ~ (D7, F,®F;)C5 ~ @7, F,Cs
® FpCs.

Now the order of the field ¢ must be a power of 3 where that power is odd,
and so we can write ¢ = 3" for n odd. So the decomposition is @?:1 F3.Cy

® Fs2.C3. By Lemma 4.31 the unit group is C§" x C%, ;| x Czn_;.

If ¢ = 4(mod 12), then F,Cyy ~ (F,C5)Cy =~ (@7, F,)Cy ~ @7, F,Cy.
Now the order of the field ¢ must be a power of 2, and only every second
power of 2 is equal to 4(mod 12), so we can write ¢ = 2" for n even.

Thus F,Cp ~ @?:1 FonCy. Now, because Cy is a 2-group, by Lemma 5.8,
U(P>_ FanCy) = C3" x O x ;.

If ¢ = 5(mod 12), then Maschke’s Theorem applies, and we can use Perlis
Walker to find the Wedderburn decomposition. The divisors of 12 are 12, 6,
4,3 ,2and 1.

For d = 12, we have 52 = 1(mod 12) and there are 4/2 = 2 copies of F .
For d = 6, we have 5 = 1(mod 6) and there is 2/2 = 1 copy of F .

For d = 4, we have 5 = 1(mod 4) and there is 2/1 = 2 copies of F,.
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For d = 3, we have 5 = 1(mod 3) and there is 2/2 = 1 copy of F .
For d = 2, we have 5 = 1(mod 2) and there is 1/1 = 1 copy of F,.
For d = 1, we have another copy of F,,.

Thus F,Ciy ~ @, F, © P, Fpe.

The unit group is Cy_; x Cih_;.

Now ¢ # 6(mod 12), because q would have to be divisible by 3 and 2, and ¢

cannot be a composite number.

If ¢ = 7(mod 12), then we again use Perlis Walker to find the Wedderburn
decomposition.

For d = 12, we have 72 = 1(mod 12) and there are 4/2 = 2 copies of F .
For d = 6, we have 7 = 1(mod 6) and there are 2/1 = 2 copies of F,.

For d = 4, we have 7> = 1(mod 4) and there is 2/2 = 1 copy of F .

For d = 3, we have 7 = 1(mod 3) and there are 2/1 = 2 copies of F,,.

For d = 2, we have 7 = 1(mod 2) and there is 1/1 = 1 copy of F,.

For d = 1, we have another copy of IF,.

Thus FoChy ~ @ F, & P> Fpe.

The unit group is C7_; x C%_,.

If ¢ = 8(mod 12), then F,C15 ~ (F,C5)Cy ~ (Fy @ Fp2)Cy ~ F,Cy & FeCly.
Now the order of the field q must be a power of 2, and every second power
of 2 is equal to 8(mod 12) starting with 23, so we can write ¢ = 2" for n odd
and n > 3.

Thus F,C12 ~ FonCy @ FyenCy. Now, because Cy is a 2-group, by Lemma
5.8, U(FnCy @ Fo2nCy) = CF x OF x Con_y x C3" x CF" x Chon_y =~ C3"

X Czn X 02"71 X 022”71-

If ¢ = 9(mod 12), then F,Cyy ~ (F,C4)Cs =~ (@), F,)Cs ~ @, F,Cs.
Now the order of the field ¢ must be a power of 3 where that power is even,

and so we can write ¢ = 3" for n even. By Lemma 4.31 the unit group is

C(;L(QTL) X 03277,_1 X 03271_1.

Now ¢ # 10(mod 12), because the order of a field cannot be a composite
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number.

If ¢ = 11(mod 12), then ¢ = -1(mod 12), and we can use Lemma 7.12.
Because there are two elements of order dividing 2, then we have two copies

of I, in the decomposition and all of the other summands will be F 2.
Thus F,Chy ~ @?:1 F, © @?:1 F,2 and the unit group is 03—1 X C’;’g_l.

Lemma 7.32. Let FG ~ Fq(Cy x Cg). Then:

q # 0(mod 6).

If g = 1(mod 6), then F,(Cy x Cg) ~ @,%, F, and the unit group is C12,.
If ¢ = 2(mod 6), then the unit group is 03(2"*1
where ¢ = 22771,

If ¢ = 3(mod 6), then F (Cy x Cg) ~ @?:1 F3.Cs and the unit group is C4"
X C4n_y, where ¢ = 3.

If ¢ = 4(mod 6), then F,(Cy x Cg) ~ @?:1 Fy2nC3 and the unit group is
C§(2n) X C’Szn_l, where ¢ = 22",

If ¢ = 5(mod 6), then FoCly ~ @?leﬁ‘q & @?:1 Fpe and the unit group is
Co1 X Coo_y.

) X 02271—171 X 022(277,71)71,

Proof. Let the elements of Cy x Cg be

element‘l‘x‘xQ‘ 3‘ 4‘ 5‘y‘xy‘x2y‘x3y‘x4y‘x5y

order [1]6|3|2|3]6[2/6] 32|36

X X X

If |F|(mod 6) is an even number, then the order of the field must be a power
of 2.

Note that 2! = 2(mod 6), 22 = 4(mod 6), and then we go back to 2 again
because 2% = 2(mod 12).

As a result, 2! = 23 = 25 = 227! = 2(mod 6) for n € N.

Similarly, 22 = 21 = 26 = 22" = 4(mod 6) for n € N.

Note that this forces all of the powers of 2 to be either = 2(mod 6) or =
4(mod 6), and so in particular we cannot have q= 0(mod 6). We use this in

the following descriptions of the unit groups.

If ¢ = 1(mod 6), then F (Cy x Cg) ~ @il F, by Lemma 7.11 and the unit
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L 112
group is C,;.

If ¢ = 2(mod 6), then F(Cy x Cg) ~ F,(Cs x C3) ~ (F,C5)C3 ~ (F,&F2)Cs
~F,C5 & FpC3.

Now ¢ must be a power of 2, and every second power of 2 will be equal to
2(mod 6) starting with 2!, and so we can write ¢ = 2*"~1.

Thus our decomposition is Fozn-1C% @ Fya@n-1)C3.

2n—1

By Lemma 4.31 the unit group is Cg( ) x Cozn-1_1 X Cyoan-1)_q.

If ¢ = 3(mod 6), then F,(Cy x Cg) =~ Fy(C3 x Cs) =~ (F,C3)Cs =~ (@D}, F,)Cs.
Now ¢ must be a power of 3, and so we write ¢ = 3".
Thus our decomposition is @?:1 F3.C3 and by Lemma 4.31 the unit group

: 4n 4
is C5" x C5._;.

If ¢ = 4(mod 6), then F(Cy x Cs) =~ Fy(Cy x CF) =~ (F,C5)C3 ~ (D}_, F,)C3
= @?:1 (F,C3).
We can write ¢ = 22" and our decomposition is @?:1 Fg2n C3.

By Lemma 4.31 the unit group is 03(2”) X C_|.

If ¢ = 5(mod 6), then ¢ = -1(mod 6), and we use Lemma 7.12. There are 4
elements of order dividing 2, so we have 4 copies of F, and all of the other
summands will be Fg.

Thus FoCip ~ @, Fy @ @, Fy2 and the unit group is Cf ; x C_,.

For FG ~ FyCs3, the decomposition and unit groups for each field are
shown in the General Table of U(F'G) at the end of this section.

Similarly for F'G ~ [FqCi4, the results are shown in the General Table of
U(FQG) at the end of this section. Note that this group is similar to Cj in

that it is cyclic with only two divisors.

For F'G' ~ F,Cy5, Note the following:
When ¢ = 3, 6, 9 or 12(mod 15), then ¢ will be a power of 3 and the group

algebra decomposes as a sum of group algebras with C5 as the group. We
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then use Lemma 4.31 to find the unit group.

When ¢ = 5 or 10(mod 15), g will be a power of 5, and the group algebra
decomposes as a sum of group algebras with C5 as the group. We again use
Lemma 4.31 to find the unit group.

For all other values of ¢, we can use Perlis Walker to find the Wedderburn
decomposition and thus the unit group.

The results for Cy5 are shown in the General Table of U(F'G) which follows.

In the table which follows, we show the general unit group of all of the group
algebras for abelian groups with order up to 15. The table also shows the
Wedderburn decomposition and the decomposition into group algebras where

appropriate.
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7.4 General Table of U(FG) (G abelian)
G | |F| mod |F| FG U(FG) [U(FG)|
exp(G)
Cl 0 q ]Fq Cq—l q - ]'
02 0 A Cg X CQn,l 2”(2” — 1)
Cy |1 q @?:1 F, Cg—l (q— 1)2
Cs |0 3" C¥ x Csn_y 33" —1)
Cs |1 q @?:1 F, iy (¢—1)°
Cs |2 q F, @ Fp Cis1 X Cppq | (q—1)(¢* = 1)
Cy |0 on Crox CP x| (28)(2" —1)
Con_y
Cy |1 q @?:1 Fy C;l—l (q— 1)4
04 2 2 02 X 04 8
Cy |3 q @ F,@Fpe | C2, x Cpay | (g— 1)(?—1)
C22 0 2" an X CQ"—I (23n)(2n — ].)
022 1 q @?:1 F, C;&l (q - 1>4
C5 0 5% Cg X C5n,1 5”(5” — 1)
Cs |1 q @?:1 F, Cq5—1 (q - 1)5
Cs | 2 q F, @ Fp Cio1 X Cpay | (q—1)(¢* = 1)
05 3 q Fq D Fq4 Cq_l X Cq4_1 (q — 1)(q4 — 1)
Cs | 4 q F, ® @?:1 Fp | Cior X 032—1 (g —1)(¢* —1)?
Cs |1 q @?:1 Iy Coy (¢—1)°

Continued on next page
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Table 4 — continued from previous page

G | |F| mod |F| FG U(FG) [U(FG)|
exp(G)
Ce | 2 2" n odd | FouCy @ FoanCo| C3" x Chan_y x| (257)(27 -
Can_ 1)(22" — 1)
Cs 3n P> F3u.Cy O x C2,_, | (3%M)(3" — 1)
Cs 2" n even | @7, FouCy O3 x C3. | (22M)(2" —1)°
Co q @?:1 Fq D Cq271 X 03271 (¢ —1)%*(¢* - 1)°
@?:1 Fe2
C; |0 e C? x Cm_y (T —1)
Cr |1 q 691'7:1 F, Cq771 (q - 1)7
Cr |2 q F, & @?:1 Fgs | Cg—1 X 03371 (¢—1)(¢* —1)°
7 |3 q Fq @ Feo Cg—1 X Cgsy (¢—1)(¢°—1)
C; | 4 q F, & @?:1 Fp | Cqoq X 6’33_1 (g —1)(¢* —1)?
Cr |5 q Fy @ Fyo Co1 X O | (g=1)(¢° = 1)
C7 |6 q F, @ @?:1 Fp | Cg-1 X 032—1 (¢—1)(¢*—1)°
Cs |0 2"n >3 C3n x CP x Cy (27”)(2” 1)
X Cyn_y
Cs | 1 q D, F, cs (q—1)°
Cs | 2 2 C2 x Cy x Cg | 128
Cs |3 q @?:1 I D Oq2—1 X 032 | (= 1D*(¢* —1)°
@?:1 Fe
Cs | 4 22 Cy x C¥ x C¥ (2"(3)
x Cy
Cs | 5 g D@L F, @ CL, xC%, | (g—DY(P-1)
@?:1 Fg2

Continued on next page
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Table 4 — continued from previous page

G | |F| mod |F| FG U(FG) [U(FG)|
exp(G)

Cs | 7 q @?:1 Fq D 0371 X 03271 (¢—1)%¢*-1)°
@?:1 2

Cy | O 2" n > 2 cin o ox Op x| (2™)(2n —1)

X Con_1

Cy

a1 |a D F, cs (- 1)

X

Cy

C, |2 9 e 128

X

Cy

Cy |3 q @?:1 I D O;L—l X 032—1 (¢ —1)"¢* - 1)°

X @?:1 Fy2

Cy

c3 1o 2n CIm x Con_4 (2™ (2" — 1)

c3 |1 q D, F, & (q—1)°

Cy | 0 37 p > 2 Cin % C2n x| (3%7)(3" — 1)

Csn1
Cy | 1 q @, F, co (q—1)°
Cy |2 q F, ®Fp @ Fp| Cour X Cpy X[ (¢ — 1)(¢* —
Cpos (e 1)

Co 3 Cd x C2 x Cy | (2)(3%)

Cy |4 q @?:1 Fq & Cpq X 033—1 (¢ —1)°(¢° — 1)?
@?:1 Fys

Continued on next page
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Table 4 — continued from previous page

G | |F| mod |F| FG U(FG) [U(FG)|
exp(G)
Cy |5 q F, ®Fpe ®@Fp| Cooy x Cpy X[ (¢ — 1)(¢F —
Cgo1 1)(q6 —1)
Cy | 7 q @?:1 Fq D Cg’,l X Cq23—1 (g —1)%¢* - 1)
@?:1 Fgs
Co |8 q F, @ @?:1 Fp | Cg-1 X 032—1 (¢—1)(¢>— 1)
C2 10 3" C8" x Csn_4 (35 (3" — 1)
C?? q @?:1 Fy ngfl (q — 1>9
C3 |2 q F, @ @?:1 Fp2 | Cg—1 X 03271 (¢—1)(¢* —1)*
Co |1 q 691121 F, 0391 (q— 1)10
Cuo | 2 g = 23 F,Cy & F 1 Ch 05(4%3) % (25(4n—3))(24n—3_
n>1 Cotn-s_4 x| 1)(214n=3) 1)
Coaan-3)_1
Cio | 3 q @?:1 Fq D Og—l X Cq2471 (¢ —1)%(¢" — 1)°
@?:1 s
Cho | 4 g = 2" F,Cy @ oy x| (25(n=2)) (242
n>1 @7, F.Ch Clin—2_y x| 1)(224n=2) — 1)?
Clatan—2)_y
Cio | 5 q="5"n>| @, F,Cs C2U™) 5 €2, | (52 (5 — 1)2
1
Cio | 6 ¢ = 2" @ FC |G x Gy | (™) - 1)
n>1
Cro | 7 @?:1 Fq D 0371 X 03471 (¢ —1)%(¢" —1)°

2
@i:l IFq“

Continued on next page
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Table 4 — continued from previous page

G | |F| mod |F| FG U(FG) [U(FG)|
exp(G)

Cho | 8 q = 2" U F,Cy & FuCy | C54" Y x| (25(4n=1))(4n-1_

n>1 Coan—1_4 x| 1)(24¢n=1 1)
Coatan—1)_1
Cio | 9 q @?:1 I S2 C((12—1 X 032—1 (¢ —1)*(¢* — 1)*
@?:1 2

Ci | 0 11" O x Chn_y | 117(117 — 1)

Cu |1 q @, F, il (¢—1)7

Cn |2 q F, ® Fju0 Cym1 X Cpo_y | (q—1)(¢"0 = 1)

Cu |3 q F, ® B, Fp | Cyr % 035—1 (¢ —1)(¢®> —1)°

Ch |4 q F, ® @ Fp | Gy X Coi | (@=1)(¢—1)

SHE q Fo ® B, Fp | Cyr % Ch o, | la—1(¢—1)7?

Ci1 | 6 q F, ® Fo Cy1 X Cpoy | (q—1)(¢"0—1)

Cin |7 q F, ® Fo Cy1 X Cpoy | (q—1)(¢"0—1)

Ci |8 q F, @ Fuo Cy1 X Cpo_y | (q—1)(¢"0—1)

Cy | 9 q F, & @, Fp | Cpa x C5_, | (g—1(¢° —1)?

C | 10 q F, ® @ Fp | Coy x Co_) | (q—1)(¢* —1)°

Cp |1 q @2131 Iy 0331 (¢—1)"

Cia | 2 2 FoCy @ FpoCy | C3 x CF x C3 | (29)(3)

Cis | 3 3" nodd | @7, FsuCs @ C§* x Cz._, x| (3*)(3" —

FyeCs Cyony 1)2(3% — 1)
Cia | 4 2" n even | @°_, Fon 0y C3n o ox O x| (29 (2" —1)3
Con 4
Ciz |5 q @?:1 Fq @ Cyy X 032—1 (¢— D= 1"

4
@i:l qu

Continued on next page
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Table 4 — continued from previous page

G | |F| mod |F| FG U(FG) [U(FG)|
exp(G)
Cra | 7 q @?:1 Fq D Cqﬁ—l X 03271 (¢—1)"¢* - 1)
@?:1 2
012 8 2" n Odd, ]F2n04 @]F22n04 an X Cim X (29n)(2n —
n Z 3 02”—1 X CQZn_l 1)(2277, — ].)
Cia |9 3" n even @?:1 FsnCy C’;Qn) x C2, | (3*@)(3n —
X C32n_1 1)2(32n - 1)
Cip | 11 q @?:1 Iy D Cq2—1 X 032—1 (q—1)*(¢*> —1)°
5
D Fee
G 1 |a D7, F, ce, TENE
X
Ce
_ 92n—1 2 9(2n—1) 9(2n—1)\(92n—1_
Cy | 2 q=2 Foon-1C3 @ O X (2 )(2
X F22(2n—1)022 Coyzn—1_4 X 1)(22(2n_1) — 1)
C(6 C22(2n—1)_1
Cy |3 g=3" | @, FsCs O x Ch_y | (33" — 1)
X
Ce
C, |4 22 n > 1| @) FpnC3 | O3 x C5,,_, | (2187)(22" — 1)3
X
Ce
Cy |5 q @?:1 Fq @ Cq_y X C§2—1 (¢—1)*¢* - 1)
4
X Do Fee
Ce
Ci3 |0 13" Cly x Cign_y (13™)(13™ — 1)
Cis | 1 q @2, F, Coy (¢—1)°

Continued on next page
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Table 4 — continued from previous page

G | |F| mod |F| FG U(FG) [U(FG)|
exp(G)

Ciz | 2 q F, ® Fe Coo1 X Cp2zy | (q—1)(¢"? -1

Cis |3 q Fy ® @iy Fp | Cyr X Cpisy | (g—1(¢®—1)*

Ciz | 4 q F, & @?:1 Fgs | Cg—1 X 03671 (¢—1)(¢°—1)°

Cis | 5 q F, ® @ Fr | Cor x C3_ ) | (q—1)(¢* — 1)°

Ciz | 6 q Fy @ Fgu Co-1 X Cpay | (¢ —1)(¢™ 1)

Ciz| 7 q Fy @ Fpe Co1 X Cp2y | (q—1)(¢"* = 1)

Cis | 8 q F, @ @?:1 For | Cg-1 X 034—1 (¢—D(g* —1)°

Ciz |9 q Fq @ @?:1 Fgs | Cg—1 X C§3—1 (¢—1)(¢®— 1)

Cis | 10 q F, ® @7 Fp | Cor x C%_ | (¢ —1)(¢° — 1)?

Ciz| 11 q F, @ Fp2 Cyo1 X Cp2y | (q—1)(¢"? —1)

Chs | 12 q F, @ @f:1 Fp | Cg1 X 05271 (¢—1)(¢* —1)°

Ciy | 1 q B, F, Cyty (¢—1"

Cu | 2 q = 22 F,C, 027(37%2) x| (27(3n=2))(93n-2_
n>1 P7 | FpsCy Cysn—2_1 x| 1)(236n=2 —1)2

Cson-2_4
Cha | 3 q D F, Coyx Chy | (a—1)%(¢° —1)?
@?:1 Fgs

Cua | 4 g = 21 F,Cy oy x| (2761 (281

n>1 @ F;0y Cysn-1_4 x| 1)(236n=D —1)?
Claan—1)_y
Cia |5 q @, F, C2, xC% | | (¢g—1)*(¢°— 1)
@?:1 Fg

Cu | T ¢ = 7 @LEC |G X Gy | (PO (T - 1)

n>1

Continued on next page
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Table 4 — continued from previous page

G | |F| mod |F| FG U(FG) [U(FG)|
exp(G)
Cua | 8 q 23 BT F,Cy CI® % €T, | (276323 — 1)7
n>1
Cua | 9 q D, F, C2, x Ch_y | (=12 =1
@?:1 s
Cha | 11 q @?:1 Fq Oq2 1 X C§3—1 (¢ —1)*(¢° — 1)*
@?:1 Fs
Cia | 13 q @?:1 Iy Cq2—1 X 032—1 (¢q—1)*(¢*—1)°
@?:1 Fy2
Ci5 |1 q P>, F, 2y (¢—1)"
Ci5 | 2 q F, & Fp Coo1 x Cpy X (¢ — D(¢* —
SLF | et = 1)?
Cis | 3 g = 3" F,Cy @ FpuCy | G300 x| (31004n-8))(3tn=3
n>1 Catn-3_; x| 1)(344n=3) 1)
Caagan-3)_;
Cis | 4 q F, ® @ Fe | Gy X Chy | (=1 -1
Cis q = 52 F,Cs & F o Cs 0512(2?%1) x| (5122n=1))(5(2n-1)_
n>1 Crn-1)_4 x| 1)(52¢n=b 1)
Cs22n-1)_4
Cis | 6 g = 3" | D) F,Cs C3" M x O3, (3100m) (310 —1)7
n>1
Cis | 7 q D, F Cor x Ciiy | (a—1)%(¢" = 1)°
D F
Ci5| 8 q F, @ Fp C,o1 xCpy X (¢ — D(¢* —
D F 03471 1(q" —1)°

Continued on next page
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Table 4 — continued from previous page

G | [F| mod |F| FG U(FG) U(FG)|
exp(G)
Ci5 | 9 ¢ = 3" F,Cy e G (31 (32
n>1 | @LFeCs | Cymay x| 1)(32072 - 1)
Coran—_,
Cis |10 g = 5 @LFC | G x| (520) (500
n>1 Clony_, 1)3
Cys | 11 D F, & C,xC%, |(g—1)°(F 1)
@?:1 Fgo
Cys | 12 q = 3" U F,Cs5 & FuCly C§0(4nfl) x| (310(4n—1))(gin-1_
n>1 Cstn-1_4 x| (31 —1)
Csagan-1)_4
Cis | 13 q @?:1 F, D C’;‘;,l X 034—1 (¢—1)°%¢" —1)°
@?:1 IFgs
Chs | 14 q F, ® @ Fp | Cor x Clay | (q—1)(g* —1)7

Table 4: General Table of U(FG)
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8 Conclusion

The first task in this masters project involved understanding the challenges
posed in finding good linear error correcting codes for digital communication.
The Introduction Chapter highlights the role that abstract algebra and in
particular group rings can play in this. Throughout this thesis, the aim
is to improve our understanding of the structure of group rings and thus
the underlying structure of code subspaces. In setting out to achieve this a
number of related areas have been researched.

The task of finding the automorphisms of groups seems like a very simple
problem, but is in fact quite complicated, and it continues to exercise math-
ematicians today. Journal papers by Curran and Bidwell [2], [3] and [11] as
well as Hillar and Rhea [17] give a good insight into how to approach the
same problem from different angles. Results in this area make up Chapters 2
and 3 and there are tables at the end of each Chapter showing the automor-
phism groups of small abelian and non-abelian groups. At the end of Chapter
3, the interesting question of terminating automorphism towers is explored,
and a table is provided showing the automorphism tower of selected groups.

The next stage of this masters project involved looking at group algebras,
decomposing them and finding unit groups. Again, the initial challenge was
getting immersed in the basics of the subject, exploring the structures of
group algebras, finding which elements decomposed in to which summands
and how these elements formed unit groups. Chapter 4 gives many examples
of this detailed exploration. It is at this stage that some very satisfying
results are obtained.

One of these results is Theorem 5.15. This Theorem gives a method for
finding the unit group of any group algebra F'G where F' has characteristic
p and G is an abelian p — group. This Theorem has its origins in the basic
technique used to find the unit group of Fg2(Cy x C4) in Example 5.7. The
method used involves counting the elements of order p™ in the normalised
unit group. Throughout Chapter 5 this counting technique is generalised to

larger and more complex abelian p — groups and as a result the notation
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becomes more complicated. In order to find a method that can be easily
applied to all abelian p — groups it was necessary to find a concise notation.
This was achieved, writing the orders of the factor groups in terms of the
kernels of homomorphisms and so the result is Theorem 5.15.

Another satisfying result is the adaptation of the Perlis Walker Theorem
in Chapter 7, looking at exponent(G) instead of |G|, and looking at |F|
modulo exp(G) rather than |F|. These are presented as corollaries to the
Perlis Walker Theorem. By using these corollaries it is possible to complete
a general table (using the results of Theorem 5.15 as well in places) which
gives the structure of the unit group for all commutative group algebras.
This table is completed for all commutative group algebras F'G where |G| <
16 and where the order of F' is any prime power. This table can be extended
easily as the methods used can be applied to all commutative group algebras.
The corollaries, the general table and the work involved in building the table
make up Chapter 7.

Now not only has this extension of the Perlis Walker Theorem been useful
for completing the table, but it has also showed a number of counterexamples
to the Isomorphism Problem (where F'G ~ FH but G % H), and indeed has
revealed two whole classes of counterexamples. This is yet another satisfying
result and is worthy of further exploration.

A surprising result not mentioned in the thesis (because it was already
developed more thoroughly by Broche and del Rio [6]) is as follows:

Let F'G be a group algebra where G is cyclic of order n and where n and
char(F') are co-prime. For example, the group algebra FoC4;. Multiply the
order of F' by itself repeatedly, calculating the result(mod 11) until we get
back to the start. The result is a cycle of length 10 which is (2, 4, 8, 5, 10, 9,
7,3, 6, 1) (if we keep going we get 2 again). Identifying the elements of C}y
with Z11, we can see that the other element of Z; is (0) which gives a cycle of
length 1 when we multiply it by 2. The lengths of these cycles corresponds
to the decomposition of FoCy; which is Fy @ Fy10. This technique can be
applied to other group algebras F'G of this type. For example FoC;. The
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first cycle is (2, 4, 1). Then we take another element of Z; such as 3 and
begin a new cycle. We get (3, 6, 5) and are done. Then (0) gives the last
cycle. Again this corresponds to the decomposition of FoC7 which is Fy &
@7, Fys (i.e. two 3-cycles and one 1-cycle).

Although independently discovered, this method is well known, and in-
volves cyclotomic classes of G. Broche and Del Rio’s paper explains it in
detail, and using character theory the technique can be applied to non-cyclic
groups and finds not only the Wedderburn decomposition but also the prim-
itive central orthogonal idempotents associated with each summand.

In Chapter 6, this technique is applied and the primitive idempotents
for some group algebras are found. This section of the thesis has useful
implications for coding theory as it unravels the structure of these group
algebras in more detail and suggests an alternative method for constructing
codes. For instance, in Example 6.21 we get the Wedderburn decomposition
of F,C7, and find that 1 + 23 + 2° + 2% is an idempotent associated with
a summand isomorphic to Fys. The idempotent G is associated with the
summand isomorphic to Fy. Computation shows that the direct sum of
these two summands gives a sub-module of order 16, which is isomorphic
as a vector space to the Hamming (7,4,3) code described in Example 1.12.
Note that the element 1 + 2* + 2° + 2% can be written as a vector in Fj as
[1,0,0,1,0,1,1], while G can be written as [1,1,1,1,1,1,1]. The technique
for finding the primitive central idempotents is fully explained in Chapter
6, and a table at the end of the Chapter gives the decomposition and unit
group of selected group algebras.

In conclusion, the main achievements of this thesis are in Theorem 5.15
and two of the corollaries to the Perlis Walker Theorem, namely Corollary
7.7 and Corollary 7.9. These results allow for a deeper understanding of the

structure of group algebras and in turn their applications for coding theory.
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